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Structures which support large forces must be designed with the principles of mechanics
foremost in mind. In this view of Sydney Harbor, one can see several examples of such
structures.




















































Chapter Review 19

Sample Problem 1/1 m = 1400 kg

Determine the weight in newtons of a car whose mass is 1400 kg. Convert
the mass of the car to slugs and then determine its weight in pounds.

Solution. From relationship 1/3, we have
Helpful Hints

@ W = mg = 1400(9.81) = 13730 N Ans.
(D Our calculator indicates a result of

From the table of conversion factors inside the front cover of the textbook, we
see that 1 slug is equal to 14.594 kg. Thus, the mass of the car in slugs is

5 1slug |
m = 1400 kg[ 12594 kg] = 95.9 slugs Ans.
Finally, its weight in pounds is
W = mg = (95.9)(32.2) = 3090 Ib Ans.

As another route to the last result, we can convert from kg to lbm. Again using
the table inside the front cover, we have

1 lbm

m = 1400 kg[m

] = 3090 lbm

The weight in pounds associated with the mass of 3090 lbm is 3090 1b, as cal-
culated above. We recall that 1 Ibm is the amount of mass which under standard
conditions has a weight of 1 lb of force. We rarely refer to the U.S. mass unit
Ibm in this textbook series, but rather use the slug for mass. The sole use of
slug, rather than the unnecessary use of two units for mass, will prove to be
powerful and simple—especially in dynamics.

13 734 N. Using the rules of signifi-
cant-figure display used in this text-
book, we round the written result to
four significant figures, or 13 730 N.
Had the number begun with any
digit other than 1, we would have
rounded to three significant figures.

() A good practice with unit conversion

is to multiply by a factor such as
1 slug

14.594 kg
because the numerator and the de-
nominator are equivalent. Make sure
that cancellation of the units leaves
the units desired; here the units of
kg cancel, leaving the desired units
of slug.

], which has a value of 1,

() Note that we are using a previously calculated result (95.9 slugs). We must be sure that when a calculated number is
needed in subsequent calculations, it is retained in the calculator to its full accuraecy (95.929834 - - ) until it is needed.
This may require storing it in a register upon its initial calculation and recalling it later. We must not merely punch
95.9 into our calculator and proceed to multiply by 32.2—this practice will result in loss of numerical accuracy. Some
individuals like to place a small indication of the storage register used in the right margin of the work paper, directly

beside the number stored.

Sample Problem 1/2

Use Newton'’s law of universal gravitation to calculate the weight of a 70-kg
person standing on the surface of the earth. Then repeat the calculation by using
W = mg and compare your two results. Use Table D/2 as needed.

Solution. The two results are

Gm,m _ (6.673 - 10 1)(5.976 - 10**)(70) _
R 6371 . 10°F = 688 N Ans.

W = mg = 70(9.81) = 687 N Ans.

W =

The discrepancy is due to the fact that Newton’s universal gravitational law does
not take into account the rotation of the earth. On the other hand, the value
g = 9.81 m/s? used in the second equation does account for the earth’s rotation.
Note that had we used the more accurate value g = 9.80665 m/s? (which likewise
accounts for the earth’s rotation) in the second equation, the discrepancy would
have been larger (686 N would have been the result).

Helpful Hint

(D) The effective distance between the

mass centers of the two bodies in-
volved is the radius of the earth.
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Sample Problem 1/3

For the vectors V; and V, shown in the figure,

(a) determine the magnitude S of their vector sum S8 = V, + V,
(b) determine the angle a between S and the positive x-axis

(c) write S as a vector in terms of the unit vectors i and j and then write a

unit vector n along the vector sum S
(d) determine the vector difference D = V; — V,

Solution (a) We construct to scale the parallelogram shown in Fig. a for adding

V; and V. Using the law of cosines, we have
8% = 3% + 4% - 2(3)(4) cos 105°

S = 5.59 units

(1) (b) Using the law of sines for the lower triangle, we have

sin 105° _ sin(e + 30°)

5.59 4
sin(a + 30°) = 0.692
(a + 30°) = 43.8° a = 13.76°

(c) With knowledge of both S and «, we can write the vector S as

S = S[i cos a + j sin a]
= S[i cos 13.76° + j sin 13.76°] = 5.43i + 1.328j units

S 543+ 1328 ,
(2) Then n=z= =55 = 0.971i + 0.238j
(d) The vector difference D is
D =V; — V; = 4(i cos 45° + j sin 45°) — 3(i cos 30° — j sin 30°)
= 0.230i + 4.33j units

The vector D is shown in Fig. b as D = V, + (=V,).

Ans.

Ans.

Ans.

Ans.

JV
I
\
‘ V] = 4 units
\
|
J 45°
iy i
30°
V, = 3 units
Vi =4 units

Vy = 3 units

(a)

(b)

Helpful Hints

(D You will frequently use the laws of
cosines and sines in mechanics. See
Art. C/6 of Appendix C for a review
of these important geometric
principles.

@ A unit vector may always be formed
by dividing a vector by its magni-
tude. Note that a unit vector is
dimensionless.






|

LN TTA

—
-
alye

The properties of force systems must be thoroughly understood by the engineers who design
systems such as this construction crane. Try to visualize the forces present in the various parts
of the crane.

% X

L

A (YA

YA

1\
LA

(X

RV, S EAV) GEERY,( |

Y rAUE BN YAV *A 0

[\
L

Y, GFas..7/ @l

. - ma——

IR AAN

- i e —

»

AN AN






















Article 2/3 Rectangular Components 29

Sample Problem 2/1

The forces F,, Fy, and F3, all of which act on point A of the bracket, are
specified in three different ways. Determine the x and y scalar components of
each of the three forces.

Solution. The scalar components of Fy, from Fig. a, are

Il

Fy, = 600 cos 35° = 491 N Ans.

600 sin 35° = 344 N Ans.

Il
Il

Fly

The scalar components of Fy, from Fig. b, are

Fy = —500(3) = —400 N Ans.

5002) = 300 N Ans.

Fzy

Note that the angle which orients F, to the x-axis is never calculated. The cosine
and sine of the angle are available by inspection of the 3-4-5 triangle. Also note
that the x scalar component of F, is negative by inspection.

The scalar components of F3 can be obtained by first computing the angle
a of Fig. c.

2
a = tan~ ! [%Z] = 26.6°

@ Then F3 = Fgsin @ = 800 sin 26.6° = 358 N Ans.

Fy

¥

—Fg cos @ = —800 cos 26.6° = —T16 N Ans.

Alternatively, the scalar components of F3 can be obtained by writing Fg as
a magnitude times a unit vector n,p in the direction of the line segment AB.

s, Helpful Hints
@) R i vt g AB — 800 [ 0.2i — 04j :| (1) You should carefully examine the
S 7 i) 8 4B [(0.2)2 + (—0.4)2 geometry of each component-deter-

) ! mination problem and not rely on
800[0.447i — 0.894j] the blind use of such formulas as F,
= 358i — 716j N = F cos fland F,, = F sin 6.

I

(2) A unit vector can be formed by divid-

The required scalar components are then i
ing any vector, such as the geometric

F, = 358 N A s position vector AB, by its length or
magnitude. Here we use the overar-
Fy = =116 N Ans. row to denote the vector which runs

; : . from A to B and the overbar to de-
which agree with our previous results. note the distance between A and B.
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Sample Problem 2/2

Combine the two forces P and T, which act on the fixed structure at B, into
a single equivalent force R.

Graphical solution. The parallelogram for the vector addition of forces T and

(1) P is constructed as shown in Fig. a. The scale used here is 1 in. = 800 lb; a scale
of 1 in. = 200 lb would be more suitable for regular-size paper and would give
greater accuracy. Note that the angle @ must be determined prior to construction
of the parallelogram. From the given figure

BD _ 6B sin 60°

tma:ﬁ—m=0.866 a = 40.9

Measurement of the length R and direction 6 of the resultant force R yields the
approximate results

R =5251b 6 = 49° Ans.

Geometric solufion. The triangle for the vector addition of T and P is shown
(2) in Fig. b. The angle a is calculated as above. The law of cosines gives

R% = (600)> + (800)®> — 2(600)(800) cos 40.9° = 274,300
R =5241b Ans.

From the law of sines, we may determine the angle § which orients R. Thus,

600 524

Ei-l’-;._é = m sin f = 0.750 f = 48.6 Ans.

Algebraic solution. By using the x-y coordinate system on the given figure,
we may write

R, = ZF, = 800 — 600 cos 40.9° = 346 1b

R, = ZF, = —600 sin 40.9° = —393 Ib

The magnitude and direction of the resultant force R as shown in Fig. ¢ are then

R=JR2 +R2= (3462 + (—393)2 = 524 1b Ans.
x )

-1@— t: —1@

6=t =
T e endE

= 48.6° Ans.

The resultant R may also be written in vector notation as

R =Ri + R,j = 346i — 393j Ib Ans.

Helpful Hints

(1) Note the repositioning of P to permit
parallelogram addition at B.

800 lb
\\8 o/
1% 600 Ib
L
T
()

(2) Note the repositioning of T so as to
preserve the correct line of action of
the resultant R.

v
|

:Rx=3461b
B 9—-)-7v——.t

R,=-3931b

My
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Sample Problem 2/3

The 500-N force F is applied to the vertical pole as shown. (1) Write F in .iT
terms of the unit vectors i and j and identify both its vector and scalar compo- |
nents. (2) Determine the scalar components of the force vector F along the x'- m i -y
and y'-axes. (3) Determine the scalar components of F along the x- and y'-axes. A 7300

Solution. Part (1). From Fig. a we may write F as 30°

(F cos )i — (F sin 0)j i'\\
(500 cos 60°)i — (500 sin 60°)j

F

I

Il

= (250i — 433j) N Ans.

The scalar components are F, = 250 N and F,, = —433 N. The vector compo- | g
nents are F,, = 250i N and F, = —433j N. A

Part (2). From Fig. b we may write F as F = 500i’ N, so that the required ! P
scalar components are Fy* F

F, =50N F,=0 Ans. N

Part (3). The components of F in the x- and y'-directions are nonrectan- \
gular and are obtained by completing the parallelogram as shown in Fig. ¢. The (a) b)) x
magnitudes of the components may be calculated by the law of sines. Thus,

IF.,| 500

A LS R, = 1000 o o
SnoC  smae N p 2790\ /
Yy - 9Q°
Fy| 500 47300 60°

BN B0 am L Tyk T BEEN

The required scalar components are then
Helpful Hint

(D Obtain F, and F, graphically and
compare your results with the cal-
culated values.

F.=1000N F, = —866N Ans.

Sample Problem 2/4

Forces F, and F; act on the bracket as shown. Determine the projection Fj
of their resultant R onto the b-axis.

Solution. The parallelogram addition of F, and Fy is shown in the figure. Using

the law of cosines gives us
R? = (80)® + (100)® — 2(80)(100) cos 130° R = 1634 N

The figure also shows the orthogonal projection F,, of R onto the b-axis. Its length
is

Fy, = 80 + 100 cos 50° = 144.3 N Ans,

Note that the components of a vector are in general not equal to the pro-
jections of the vector onto the same axes. If the a-axis had been perpendicular
to the b-axis, then the projections and components of R would have been equal.
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Sample Problem 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is
d = 4 cos 40° + 2sin 40° = 4.35 m

(1) By M = Fd the moment is clockwise and has the magnitude

Mg = 600(4.35) = 2610 N-m Ans.
(II) Replace the force by its rectangular components at A
F; = 600 cos 40° = 460 N, F; = 600 sin 40° = 386 N
By Varignon’s theorem, the moment becomes
@ M, = 460(4) + 386(2) = 2610 N-m Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F,. The
moment arm of F'; becomes

d; =4 + 2tan 40° = 568 m
and the moment is
My = 460(5.68) = 2610 N-m Ans.

® (IV) Moving the force to point C eliminates the moment of the component
F,. The moment arm of Fy becomes

dy = 2 + 4cot 40° = 6.77 m
and the moment is
My = 386(6.77) = 2610 N-m Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

@ My =r x F = (2i + 4j) x 6003 cos 40° — j sin 40°)
= —~2610k N-m

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Mg = 2610 N-m Ans.

2m

Helpful Hints

(1) The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

(2 This procedure is frequently the
shortest approach.

(@) The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

(@) Alternative choices for the position
vector r are r = d;j = 5.68j m and
r = doi = 6.77i m.
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Sample Problem 2/6

The rigid structural member is subjected to a couple consisting of the two
100-N forces. Replace this couple by an equivalent couple consisting of the two
forces P and —P, each of which has a magnitude of 400 N, Determine the proper
angle 6.

Solution. The original couple is counterclockwise when the plane of the forces
is viewed from above, and its magnitude is

[M = Fd] M = 100(0.1) = 10 N-m
The forces P and —P produce a counterclockwise couple
M = 400(0.040) cos 6

Equating the two expressions gives

100 N

10 = 400(0.040) cos 6
10 Dimensions in millimeters
6 = cos! e 51.3° Ans.
P=400 N
Helpful Hint ~ L T
/1

() Since the two equal couples are parallel free vectors, the only dimensions A g 40 mm

which are relevant are those which give the perpendicular distances between 7N J],

the forces of the couples. y

P=400N

Sample Problem 2/7 —"

Replace the horizontal 80-1b force acting on the lever by an equivalent sys-
tem consisting of a force at O and a couple.

Solution. We apply two equal and opposite 80-lb forces at O and identify the
counterclockwise couple

[M = Fd] M = 80(9 sin 60°) = 624 Ib-in. Ans.

Thus, the original force is equivalent to the 80-Ib force at O and the 624-lb-in.
couple as shown in the third of the three equivalent figures.

Helpful Hint

(1) The reverse of this problem is often encountered, namely, the replacement of
a force and a couple by a single force. Proceeding in reverse is the same as
replacing the couple by two forces, one of which is equal and opposite to the
80-lb force at O. The moment arm to the second force would be M/F =
624/80 = 7.79 in., which is 9 sin 60°, thus determining the line of action of
the single resultant force of 80 lb.

80 1b

80 Ib

801b 780 1b

801b

624 1b-in.
























@ My = S(Fd)]
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Sample Problem 2/8

Determine the resultant of the four forces and one couple which act on the
plate shown.

Solution. Point O is selected as a convenient reference point for the force—
couple system that is to represent the given system.

[R, = ZF.] R, = 40 + 80 cos 30° — 60 cos 45° = 66.9 N
[R, = 3F,] y = 50 + 80 sin 30° + 60 cos 45° = 1324 N
[R = JR? + RA R = J/(66.9% + (132.4)®> = 1483 N Ang.
R 1324
B =1.0¥ at =1 = o
|:6 = tan RJ 6 = tan 56.9 63.2 Ans.

Mg = 140 — 50(5) + 60 cos 45°(4) — 60 sin 45°(7)
—237TN-'m

The force-couple system consisting of R and M, is shown in Fig. a.
We now determine the final line of action of R such that R alone represents
the original system.

[Rd = |M,|] 1483d = 237 d = 1600 m Ans.

Hence, the resultant R may be applied at any point on the line which makes a
63.2° angle with the x-axis and is tangent at point A to a circle of 1.6-m radius
with center O, as shown in part b of the figure. We apply the equation Rd =
Mg in an absolute-value sense (ignoring any sign of M) and let the physics of
the situation, as depicted in Fig. a, dictate the final placement of R. Had M,
been counterclockwise, the correct line of action of R would have been the tan-
gent at point B.

The resultant R may also be located by determining its intercept distance b
to point C on the x-axis, Fig. c. With R, and R, acting through point C, only R,
exerts a moment about O so that

Rb = M| and

Alternatively, the y-intercept could have been obtained by noting that the mo-
ment about O would be due to R, only.

A more formal approach in determining the final line of action of R is to
use the vector expression

rXx R = MO

wherer = xi + yj is a position vector running from point O to any point on the
line of action of R. Substituting the vector expressions for r, R, and M, and
carrying out the cross product result in

(xi + yj) % (66.91 + 132.4j) = —-237k
(132.4x — 66.9)k = —237k
Thus, the desired line of action, Fig. ¢, is given by
132.4x — 66.9y = —237

By setting y = 0, we obtain x =
culation of the distance b.

—1.792 m, which agrees with our earlier cal-

Y
2m | ‘
[ |
60 N 5m g
50 N ‘
A i
e —— "
T r 140 N'm
2m |
. | soN
2m | |
40N O 300
Im
¥
I
1N
[|R=1483N
1
(a) |
Mol = 7 1} \9=632°
237N-mCJK._lx
S
& R=1483N
"
(b) 1660.m | 63.2°
; A &
e Ny
@
(& ™
132.4x - 66.9y = ,/
—237 ¥
(c) '
@ I
L= _—r _ —x

Helpful Hints

(D We note that the choice of point O as

a moment center eliminates any mo-
ments due to the two forces which
pass through O. Had the clockwise
sign convention been adopted, M,
would have been +237 N -m, with the
plus sign indicating a sense which
agrees with the sign convention. Ei-
ther sign convention, of course, leads
to the conclusion of a clockwise mo-
ment M.

(2) Note that the vector approach yields

sign information automatically,
whereas the scalar approach is more
physically oriented. You should mas-

ter both methods.
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Sample Problem 2/9

A force F with a magnitude of 100 N is applied at the origin O of the axes
x-y-z as shown. The line of action of F passes through a point A whose coordinates
are 3 m, 4 m, and 5 m. Determine (a) the %, y, and z scalar components of F, (b)
the projection F,, of F on the x-y plane, and (c) the projection Fgp of F along
the line OB.

Solution. Part (a). We begin by writing the force vector F as its magnitude
F times a unit vector ngy.
OA i+4+5
F=FnOA=FO:= 100[M]
OA V82 + 42 + 52
= 100[0.424i + 0.566j + 0.707k]
= 42.4i + 56.6j + 70.Tk N

The desired scalar components are thus

@ F,= 424N F,=566N F,=1707N Ans.

Part (b). The cosine of the angle f,, between F and the x-y plane is

V32 + 4°

gogif =t e—————— = 10.707
Va2 + 2 46
so that F,, = F cos 6,, = 100(0.707) = 70.7 N Ans.

Part (e¢). The unit vector nyg along OB is

OB i+ 6 +2
npp =28 _ 6Lt 8 42k _ egai + 0688 + 0.229k

OB /g% + 6 + 22
The scalar projection of F on OB is

@ Fop = Fongp = (42.4i + 56.6j + 70.7k)- (0.688i + 0.688j + 0.229k)
= (42.4)(0.688) + (56.6)(0.688) + (70.7)(0.229)
=844 N Ans.

If we wish to express the projection as a vector, we write

Fop = F'npggngp
84.4(0.6881 + 0.688] + 0.229Kk)

= 58.1i + 58.1j + 19.35k N

F=100N

Helpful Hints

() In this example all scalar components
are positive. Be prepared for the case
where a direction cosine, and hence
the scalar component, are negative.

(2 The dot product automatically finds
the projection or scalar component of
F along line OB as shown.
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Sample Problem 2/10

A tension T of magnitude 10 kN is applied to the cable attached to the top
A of the rigid mast and secured to the ground at B. Determine the moment M,
of T about the z-axis passing through the base O.

Solution (a). The required moment may be obtained by finding the component
along the z-axis of the moment My, of T about point O. The vector M, is normal
to the plane defined by T and point O, as shown in the accompanying figure. In
the use of Eq. 2/14 to find My, the vector r is any vector from point O to the
line of action of T. The simplest choice is the vector from O to A, which is written
asr = 15j m. The vector expression for T is

12i — 15§ + 9k ]
JA2)2 + (=152 + (9)
= 10(0.566i — 0.707j + 0.424k) kN

T:TB.AB::].OI:

From Eq. 2/14,

[Mp =r x F1 M, = 15§ X 10(0.566i — 0.707j + 0.424k)
= 150(—0.566k + 0.424i) kN-m

The value M, of the desired moment is the scalar component of M, in the z-
direction or M, = M, -k. Therefore,

M, = 150(-0.566k + 0.424i)-k = —84.9 kN'm Ans.

The minus sign indicates that the vector M., is in the negative z-direction. Ex-
pressed as a vector, the moment is M, = —84.9k kN-m.

Solution (b). The force of magnitude 7' is resolved into components T, and T,
in the x-y plane. Since T, is parallel to the z-axis, it can exert no moment about
this axis. The moment M, is, then, due only to T, and is M, = T,,d, where d
is the perpendicular distance from T, to O. The cosine of the angle between T

and T, is V157 + 122/V15% + 122 + 92 = 0.906, and therefore,

T,, = 10(0.906) = 9.06 kN

The moment arm d equals OA multiplied by the sine of the angle between 15k
and OA, or

d = 15L=9.37m

J122 + 152
Hence, the moment of T about the z-axis has the magnitude
M, = 9.06(9.37) = 84.9 kN'-m Ans.

and is clockwise when viewed in the x-y plane.

Solution (c). The component T, is further resolved into its components T, and
T,. 1t is clear that T exerts no moment about the z-axis since it passes through
it, so that the required moment is due to 7', alone. The direction cosine of T with
respect to the x-axis is 12//92 + 122 + 152 = 0.566 so that T, = 10(0.566) =
5.66 kN. Thus,

M, = 5.66(15) = 84.9 kN-m Ans.

T=10kN

Helpful Hints

(D We could also use the vector from O
to B for r and obtain the same result,
but using vector OA is simpler.

@) Itis always helpful to accompany your
vector operations with a sketch of the
vectors so as to retain a clear picture
of the geometry of the problem.

(3 Sketch the x-y view of the problem
and show d.

.v

A
r M:
T
ol
TN T L
// T
g
Z s
B
.V
|
A
/) T
% a7
\
Ty \
T b T.ry 15m
| |
I -~ = e L
~ U\
/l'/ X
% 12m — - 9m
B
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Sample Problem 2/11

Determine the magnitude and direction of the couple M which will replace
the two given couples and still produce the same external effect on the block.
Specify the two forces F and —F, applied in the two faces of the block parallel
to the y-z plane, which may replace the four given forces. The 30-N forces act
parallel to the y-z plane.

Solution. The couple due to the 30-N forces has the magnitude M; = 30(0.06) =
1.80 N - m. The direction of M is normal to the plane defined by the two forces, and
the sense, shown in the figure, is established by the right-hand convention. The
couple due to the 25-N forces has the magnitude M, = 25(0.10) = 2.50 N-m
with the direction and sense shown in the same figure. The two couple vectors
combine to give the components

M, = 1.80sin 60° = 1.559 N-m

M,= —-2.50 + 1.80cos 60° = —1.600 N-m
Thus, M= J(1559)2 + (—1.600)2 = 2.23N-m Ans.
1.559
> 35 =1 5 =1 - o
with 6 = tan 1600 tan " 0.974 = 44.3 Ans.

The forces F and —F lie in a plane normal to the couple M, and their mo-
ment arm as seen from the right-hand figure is 100 mm. Thus, each force has
the magnitude

2.23

[M == Fd] F = m =223 N Ans.

and the direction 6 = 44.3°

Helpful Hint

(D Bear in mind that the couple vectors
are free vectors and therefore have
no unique lines of action.

Sample Problem 2/12

A force of 40 1b is applied at A to the handle of the control lever which
is attached to the fixed shaft OB. In determining the effect of the force on the
shaft at a cross section such as that at O, we may replace the force by an equiv-
alent force at O and a couple. Describe this couple as a vector M.

Solu@n. The couple may be expressed in vector notation as M = r x F, where
r = OA = 8 + 5kin. and F = —40i 1b. Thus,
M = (8 + 5k) X (—40i) = —200j + 320k Ib-in.

Alternatively we see that moving the 40-b force through a distance d =
V52 + 82 = 9.43 in. to a parallel position through O requires the addition of a
couple M whose magnitude is

M = Fd = 40(9.43) = 377 lb-in. Ans.

The couple vector is perpendicular to the plane in which the force is shifted, and
its sense is that of the moment of the given force about 0. The direction of M
in the y-z plane is given by

0= tan'lg- = 32.0° Ans.

z
|

|

e 40 Ib
I —

I
1 (40 1b)
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700 Ib-in.

(3/
1000 Ib-in.

Sample Problem 2/13 z
|
J

Determine the resultant of the force and couple system which acts on the
rectangular solid.

80 1b
Solution. We choose point O as a convenient reference point for the initial step

of reducing the given forces to a force—couple system. The resultant force is

Q) R = ZF = (80 — 80)i + (100 — 100)j + (50 — 50)k = 0 1b
The sum of the moments about O is 80 b
@ My = [50(16) — 700]i + [80(12) — 960]j + [100(10) — 1000]k lb-in. x -7 ;
= 100i Ib-in. 107 100 1b
Hence, the resultant consists of a couple, which of course may be applied at any 1001b "~
point on the body or the body extended. ~y

Helpful Hints

(D Since the force summation is zero, we conclude that the resultant, if it exists,
must be a couple.

(2) The moments associated with the force pairs are easily obtained by using the
M = Fd rule and assigning the unit-vector direction by inspection. In many
three-dimensional problems, this may be simpler than the M = r x F approach.

Sample Problem 2/14

Determine the resultant of the system of parallel forces which act on the
plate. Solve with a vector approach.

Solution. Transfer of all forces to point O results in the force—couple system

R = ZF = (200 + 500 — 300 — 50)j = 350j N

M, = [50(0.35) — 300(0.35)]i + [—50(0.50) — 200(0.50)]k
= —87.5i — 125k N-m

The placement of R so that it alone represents the above force—couple system is
determined by the principle of moments in vector form

rX R = MO
(xi + yj + 2zk) x 350j = —87.5i — 125k
350xk — 350z = —87.5i — 125k

From the one vector equation we may obtain the two scalar equations

350x = —125 and —350z = —87.5

Hence, x = —0.357 m and z = 0.250 m are the coordinates through which the Helpful Hint
line of action of R must pass. The value of y may, of course, be any value, as p

(1) permitted by the principle of transmissibility. Thus, as expected, the variabley (1) You should also carry out a scalar so-
drops out of the above vector analysis. lution to this problem.
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Sample Problem 2/15

Replace the two forces and the negative wrench by a single force R applied
at A and the corresponding couple M.

Solution. The resultant force has the components

[R, = 2F,] R, = 500 sin 40° + 700 sin 60° = 928 N

[R, = ZF,] R, = 600 + 500 cos 40° cos 45° = 871 N

[R, = 2F.] R, = 700 cos 60° + 500 cos 40° sin 45° = 621 N

Il

Thus, R = 928i + 871j + 621k N
and R = J(928)2 + (871)% + (621)2 = 1416 N Ans.

The couple to be added as a result of moving the 500-N force is

1D M =1r x F] Mgy = (0.08i + 0.12j + 0.05k) x 500(i sin 40°
+ j cos 40° cos 45° + k cos 40° sin 45°)

where r is the vector from A to B.
The term-by-term, or determinant, expansion gives
M;q, = 18.951 — 5.59j — 16.90k N'm

(2) The moment of the 600-N force about A is written by inspection of its x- and z-
components, which gives

Mo = (600)(0.060)i + (600)(0.040)k
= 36.0i + 240k N'm

The moment of the 700-N force about A is easily obtained from the moments of
the x- and z-components of the force. The result becomes

M,y = (700 cos 60°)(0.030)i — [(700 sin 60°)(0.060)
+ (700 cos 60°)(0.100)]j — (700 sin 60°)(0.030)k

= 1051 — 71.4j — 18.19k N-m
(3) Also, the couple of the given wrench may be written

M’ = 25.0(—i sin 40° — j cos 40° cos 45° — k cos 40° sin 45°)
= —16.07i — 13.54j — 13.5dk N'm

Therefore, the resultant couple on adding together the i-, j-, and k-terms of the

four M’s is
@ M = 49.4i — 9055 — 24.6k N-m
and M = J49.42 + (90.52 + (24.6)2 = 106.0 N'm Ans.

Helpful Hints

(1) Suggestion: Check the cross-product
results by evaluating the moments
about A of the components of the
500-N force directly from the sketch.

(2) For the 600-N and 700-N forces it is
easier to obtain the components of
their moments about the coordinate
directions through A by inspection of
the figure than it is to set up the
cross-product relations.

(@) The 25-N'm couple vector of the
wrench points in the direction oppo-
site to that of the 500-N force, and
we must resolve it into its x-, y-, and
z-components to be added to the
other couple-vector components.

(@) Although the resultant couple vector
M in the sketch of the resultants is
shown through A, we recognize that
a couple vector is a free vector and
therefore has no specified line of
action.
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Sample Problem 2/16

Determine the wrench resultant of the three forces acting on the bracket.
Calculate the coordinates of the point P in the x-y plane through which the
resultant force of the wrench acts. Also find the magnitude of the couple M of
the wrench.

Solution. The direction cosines of the couple M of the wrench must be the same
as those of the resultant force R, assuming that the wrench is positive. The
resultant force is

(i
\\

R = 20i + 40j + 40k Ib R = /202 + (40)% + (40)%2 = 60 1b
and its direction cosines are
cos . = 20/60 = 1/3 cos 0, = 40/60 = 2/3 cos 6, = 40/60 = 2/3

The moment of the wrench couple must equal the sum of the moments of
the given forces about point P through which R passes. The moments about P
of the three forces are

(M)g, = 20yk Ib-in.
(M)R)_ = —40(3)i — 40xk lb-in.
(M), = 40(4 — y)i — 40(5 — x)j lb-in.
and the total moment is Helpful Hint
M = (40 — 40y)i + (200 + 40x)j + (—40x + 20y)k lb-in. (1) We assume initially that the wrench

; ; ; is positive. If M turns out to be neg-
The direction cosines of M are

ative, then the direction of the cou-
cos B, = (40 — 40y)/M ple vector is opposite to that of the
resultant force.
cos 6, = (=200 + 40x)/M
cos 6, = (—40x + 20y)/M

where M is the magnitude of M. Equating the direction cosines of R and M gives

M

0 — 40y = —

-4 Oy 3
—200 + 40x = 2M

3
—40x + 20y = 4

3

Solution of the three equations gives
M = —120 lb-in. x=3in. y=2in. Ans.

We see that M turned out to be negative, which means that the couple vector is
pointing in the direction opposite to R, which makes the wrench negative.
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In many applications of mechanics, the sum of the forces acting on a body is zero, and a state
of equilibrium exists. What are the two primary forces acting on each slowly moving balloon?
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Sample Problem 3/1

Determine the magnitudes of the forces C and T, which, along with the other
three forces shown, act on the bridge-truss joint.

Solution. The given sketch constitutes the free-body diagram of the isolated
section of the joint in question and shows the five forces which are in equilibrium.

Solution I (scalar algebra). For the x-y axes as shown we have

[EF, = 0] 8 + Tcos40° + Csin 20° — 16 = 0
0.766T + 0.342C = 8 (@)
2F, = 0] T sin40° — Ccos20° — 3 = 0
0.643T — 0.940C = 3 (&)
Simultaneous solution of Egs. (a) and (b) produces
T =90kN C = 3.03kN Ans.

Solution Il (scalar algebra). To avoid a simultaneous solution, we may use
axes x'-y’ with the first summation in the y'-direction to eliminate reference to
T. Thus,

[ZF, = 0] —C cos 20° — 3 cos 40° — 8 sin 40° + 16 sin 40° = 0
C = 3.03 kN Ans.
[ZF, = 0] T + 8 cos 40° — 16 cos 40° — 3 sin 40° — 3.03 sin 20° = 0
T = 9.09 kN Ans,

Solution Il (vector algebra). With unit vectors i and j in the x- and y-direc-
tions, the zero summation of forces for equilibrium yields the vector equation

[EF = 0] 8i + (T cos 40°1 + (T sin 40°)j — 3j + (C sin 20°)i
— (Ccos 20°j — 16i = 0
Equating the coefficients of the i- and j-terms to zero gives
8 + T cos 40° + Csin 20° — 16 = 0
Tsin40° — 3 — Ccos 20° = 0

which are the same, of course, as Egs. (a) and (b), which we solved above.

Solution IV (geometric). The polygon representing the zero vector sum of the
five forces is shown. Equations (a) and (b) are seen immediately to give the pro-
jections of the vectors onto the x- and y-directions. Similarly, projections onto
the x'- and y'-directions give the alternative equations in Solution II.

A graphical solution is easily obtained. The known vectors are laid off head-
to-tail to some convenient scale, and the directions of T and C are then drawn
to close the polygon. The resulting intersection at point P completes the solution,
thus enabling us to measure the magnitudes of T and C directly from the drawing
to whatever degree of accuracy we incorporate in the construction.

Helpful Hints

() Since this is a problem of concurrent
forces, no moment equation is
necessary.

(2) The selection of reference axes to fa-
cilitate computation is always an im-
portant consideration. Alternatively
in this example we could take a set
of axes along and normal to the di-
rection of C and employ a force sum-
mation normal to C to eliminate it.

\

o
.-20°
m - k 8 kN
3 kN
/40°
ki 16 kN

(3) The known vectors may be added in
any order desired, but they must be
added before the unknown vectors.
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Sample Problem 3/2

Calculate the tension 7' in the cable which supports the 1000-1b load with
the pulley arrangement shown. Each pulley is free to rotate about its bearing,
and the weights of all parts are small compared with the load. Find the magni-
tude of the total force on the bearing of pulley C.

Solution. The free-body diagram of each pulley is drawn in its relative position
to the others. We begin with pulley A, which includes the only known force. With
the unspecified pulley radius designated by r, the equilibrium of moments about
its center O and the equilibrium of forces in the vertical direction require

[EM,, = 0] Tyr — Tor = 0 T, =T,
[SF, = 0] Ty+T,—1000=0 2T, =1000 T, =T, =5001b

From the example of pulley A we may write the equilibrium of forces on pulley
B by inspection as

Ty =T, = Ty/2 = 250 1b

For pulley C the angle 6 = 30° in no way affects the moment of T about the
center of the pulley, so that moment equilibrium requires

T=Tg o T=2501b Ans.
Equilibrium of the pulley in the x- and y-directions requires
[SF, = 0] 250 cos 30° — F, = 0 F, = 2171
[EF, = 0] Fy, + 250sin30° — 250 =0 F, = 1251b

Y.

F=JF2+F2 F= /@177 + (1252 = 250 Ib Ans.

1000 1b
Helpful Hint

(@ Clearly the radius r does not influence
the results. Once we have analyzed a
simple pulley, the results should be
perfectly clear by inspection.

Sample Problem 3/3

The uniform 100-kg I-beam is supported initially by its end rollers on the
horizontal surface at A and B. By means of the cable at C it is desired to elevate
end B to a position 3 m above end A. Determine the required tension P, the
reaction at A, and the angle # made by the beam with the horizontal in the
elevated position.

Solution. In constructing the free-body diagram, we note that the reaction on
the roller at A and the weight are vertical forces. Consequently, in the absence
of other horizontal forces, P must also be vertical. From Sample Problem 3/2 we
see immediately that the tension P in the cable equals the tension P applied to
the beam at C.

Moment equilibrium ahout A eliminates force R and gives

[EM, = 0] P6cosf) — 981(4cos ) =0 P =654N Ans.
Equilibrium of vertical forces requires
[ZF, = 0] 6564 + R — 981 =0 R =327TN Ans.
The angle # depends only on the specified geometry and is

sin § = 3/8 0 = 22.0° Ans.

6 m CX 2m

AQ E— 5

Helpful Hint

(D Clearly the equilibrium of this paral-
lel force systemisindependent of 6.
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Sample Problem 3/5

The uniform 7-m steel shaft has a mass of 200 kg and is supported by a ball-
and-socket joint at A in the horizontal floor. The ball end B rests against the
smooth vertical walls as shown. Compute the forces exerted by the walls and the
floor on the ends of the shaft.

Solution. The free-body diagram of the shaft is first drawn where the contact
forces acting on the shaft at B are shown normal to the wall surfaces. In addition
to the weight W = mg = 200(9.81) = 1962 N, the force exerted by the floor on
the ball joint at A is represented by its x-, y-, and z-components. These compo-
nents are shown in their correct physical sense, as should be evident from the
requirement that A be held in place. The vertical position of B is found from
7 = 2% + 62 + B2 h = 3 m. Right-handed coordinate axes are assigned as
shown.

Vector solution. We will use A as a moment center to eliminate reference to
the forces at A. The position vectors needed to compute the moments about A
are

Fag = -1 — 3 + 16km and rug=-21i-6j+3km

where the mass center G is located halfway between A and B.
The vector moment equation gives

[ZM, = 0] rap X By + B) + ryg x W =0
(=2i — 6j + 3k) x (B,i + B,j) + (=i — 3j + 1.5k) x (—1962k) = 0
TR 3 Ik
AR NS e i L BB | 1.5 | =0
B, B, 0 0 0 -1962

(=3B, + 5890)i + (3B, — 1962)j + (2B, + 6B )k = 0
Equating the coefficients of i, j, and k to zero and solving give
B, = 654N and B, = 1962N Ans.

The forces at A are easily determined by

[SF = 0] (654 — A)i + (1962 — A))j + (~1962 + Ak = 0
and A, =654N A =1962N A, = 1962N
Finally A=JAZ+AZ+ A2

= J(654)2 + (1962)% + (1962)%2 = 2850 N Ans.

Scalar solution. Evaluating the scalar moment equations about axes through
A parallel, respectively, to the x- and y-axes, gives

[ZM, = 0] 1962(3) - 3B, =0 B, = 1962 N
[EMAy = 0] —1962(1) + 3B, =0 B, =654 N

The force equations give, simply,

[ZF, = 0] ~A, +654 =0 A =6564N

[ZF, = 0] =4, + 1962 = 0" A, = 1962 N

[SF, = 0] A, - 1962 =0 A, = 1962N

Helpful Hints

(1) We could, of course, assign all of the
unknown components of force in the
positive mathematical sense, in which
case A, and A, would turn out to be
negative upon computation. The free-
body diagram describes the physical
situation, so it is generally preferable
to show the forces in their correct
physical senses wherever possible.

(@ Note that the third equation —2B,, +
6B, = 0 merely checks the results of
the first two equations. This result
could be anticipated from the fact
that an equilibrium system of forces
concurrent with a line requires only
two moment equations (Category 2
under Categories of Equilibrium).

(3 We observe that a moment sum
about an axis through A parallel to
the z-axis merely gives us 6B, —
2B, = 0, which serves only as a check
as noted previously. Alternatively we
could have first obtained A, from
2F. = 0 and then taken our moment
equations about axes through B to
obtain A, and A,.

v
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Sample Problem 3/6

A 200-N force is applied to the handle of the hoist in the direction shown.
The bearing A supports the thrust (force in the direction of the shaft axis), while
bearing B supports only radial load (load normal to the shaft axis). Determine
the mass m which can be supported and the total radial force exerted on the
shaft by each bearing. Assume neither bearing to be capable of supporting a
moment about a line normal to the shaft axis.

e

Radial & @&

bearing - Thyyst
bearing

m

2 , 2 ; : : Di ions i illimeters
Solution. The system is clearly three-dimensional with no lines or planes of TR aRCI e

symmetry, and therefore the problem must be analyzed as a general space system x

of forces. A scalar solution is used here to illustrate this approach, although a " ]170.TN

solution using vector notation would also be satisfactory. The free-body diagram ‘ +

of the shaft, lever, and drum considered a single body could be shown by a space
(1) view if desired, but is represented here by its three orthogonal projections.

The 200-N force is resolved into its three components, and each of the three
views shows two of these components. The correct directions of A, and B, may
be seen by inspection by observing that the line of action of the resultant of the
two 70.7-N forces passes between A and B. The correct sense of the forces A,
and B, cannot be determined until the magnitudes of the moments are obtained,
so they are arbitrarily assigned. The x-y projection of the bearing forces is shown
in terms of the sums of the unknown x- and y-components. The addition of A,

x

and the weight W = mg completes the free-body diagrams. It should be noted mg =9.81m mg =9.81m
that the three views represent three two-dimensional problems related by the
corresponding components of the forces. Helpful Hints
@ From the x-y projection (@ If the standard three views of ortho-
graphic projection are not entirely
[EMO = 0] 10009.81m) — 250(173.2) = 0 m = 44.1 kg Ans. fan‘)_ﬂiar’ then review and practice

them. Visualize the three views as
the images of the body projected onto
[EM, = 0] 150B, + 175(70.7) — 250(70.7) = 0 B, = 354N the front, top, and end surfaces of a

¥ % clear plastic box placed over and
[EFx ~ D] Ax + 354 - 70.7 =0 Ax = 354 N aligned with the body

From the x-z projection

The y-z view gives
® (@ We could have started with the x-z

[EM, = 0] 150B, + 175(173.2) — 250(44.1)(9.81) =0 B, = 520 N projection rather than with the x-y
[SF, = 0] A, + 520 - 1732 — (441)981) =0 A, = 868N PROfChon.
[ZF, =0] A, =T07N (3 The y-z view could have followed im-

mediately after the x-y view since the
determination of A, and B, may be

4, = JAZ + A2 A, = J(354)% + (86.8)2 = 935N Ans. made after m is found.
@ [B = VB2 + B2 B = J(35.4)% + (520)2 = 521 N Ans. (@ Without the assumption of zero mo-

ment supported by each bearing
about a line normal to the shaft axis,
the problem would be statically
indeterminate.

The total radial forces on the bearings become
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Sample Problem 3/7

The welded tubular frame is secured to the horizontal x-y plane by a ball-
and-socket joint at A and receives support from the loose-fitting ring at B. Under
the action of the 2-kN load, rotation about a line from A to B is prevented by
the cable CD, and the frame is stable in the position shown. Neglect the weight
of the frame compared with the applied load and determine the tension T in the
cable, the reaction at the ring, and the reaction components at A.

Solution. The system is clearly three-dimensional with no lines or planes of
symmetry, and therefore the problem must be analyzed as a general space system
of forces. The free-body diagram is drawn, where the ring reaction is shown in
terms of its two components. All unknowns except T may be eliminated by a
moment sum about the line AB. The direction of AB is specified by the unit

1
vector n = ——— (4.5 + 6k) = %(3j + 4k). The moment of T about AB
J6% + 4.5

is the component in the direction of AB of the vector moment about the point A
and equals r; X T-n. Similarly the moment of the applied load F about AB is
ry X Fen. With CD = ./46.2 m, the vector expressions for T, F, r;, and r, are

T
T=——(2i + 25 - 6k) F = 2 kN
J4622

r,=-i+25m r,=25+6km

The moment equation now becomes

[EMup = 0] (—i + 2.5)) x (2 + 255 — 6k)-1(3j + 4k)

46.2
+ (2,51 + 6k) x (2§)-(3j + 4k) = 0

Completion of the vector operations gives

48T

V46.2

and the components of T' become

+20=0 T = 2.83 kN Ans.

T, = 0833kN T, = 1.042kN T, = —250 kN

We may find the remaining unknowns by moment and force summations as
follows:

[EM, = 0] 2(2.5) — 4.5B, — 1.042(3) =0 B, = 0.417 kN Ans.
[EM, = 0] 45B, - 2(6) — 1.042(6) =0 B, = 4.06 kN Ans.
[SF, = 0] A, +0417+0833=0 A, = —1.250 kN Ans.
[SF, = 0] A +2+1042=0 A,=-304kN Ans.
[SF, = 0] A, +406-250=0 A,= -1556kN Ans.

Helpful Hints

() The advantage of using vector nota-
tion in this problem is the freedom to
take moments directly about any axis.
In this problem this freedom permits
the choice of an axis that eliminates
five of theunknowns.

(2 Recall that the vector r in the expres-
sion r x F for the moment of a force
is a vector from the moment center to
any point on the line of action of the
force. Instead of ry, an equally simple
choice would be the vector AC.

(3) The negative signsassociated with the
A-components indicate that they are
in the opposite direction to those
shown on the free-body diagram.

























































The Skydome and CN Tower in Toronto are distinctly different structures. In both cases,

however, the engineers had to calculate the force supported by each major component
of the overall structure.
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Sample Problem 4/1

Compute the force in each member of the loaded cantilever truss by the
method of joints.

Solution. If it were not desired to calculate the external reactions at D and E,
the analysis for a cantilever truss could begin with the joint at the loaded end.
However, this truss will be analyzed completely, so the first step will be to com-
pute the external forces at D and E from the free-body diagram of the truss as
a whole. The equations of equilibrium give

[EMy = 0] 5T — 20(5) — 30(10) = 0 T = 80 kN
[5F, = 0] 80 cos 30° — E, = 0 E, = 69.3kN
[SF, = 0] 80 sin 30° + E, — 20 — 30 = 0 E, = 10kN

Next we draw free-body diagrams showing the forces acting on each of the
connecting pins. The correctness of the assigned directions of the forces is verified
when each joint is considered in sequence. There should be no question about
the correct direction of the forces on joint A. Equilibrium requires

[ZF, = 0] 0.866AB — 30 =0 AB=346kNT Ans.
[ZF, = 0] AC — 0.5(346) = 0 AC =1732kNC Ans.

where T stands for tension and C stands for compression.

Joint B must be analyzed next, since there are more than two unknown
forces on joint C. The force BC must provide an upward component, in which
case BD must balance the force to the left. Again the forces are obtained from

[ZF, = 0] 0.866BC — 0.866(34.6) = 0 BC =346kNC Ans.
[EF, = 0] BD — 2(0.5)(346) = 0 BD =346kNT Ans.

Joint C now contains only two unknowns, and these are found in the same
way as before:

[ZF, = 0] 0.866CD — 0.866(34.6) — 20 = 0
CD = 57.TkN T Ans.
[ZF, = 0] CE — 17.32 — 0.5(34.6) — 0.5(57.7) = 0
CE = 635kN C Ans.
Finally, from joint E there results
[ZF, = 0] 0.866DE = 10 DE = 1155kNC Ans.

and the equation £F, = 0 checks.

30 kN

¥
I _4AB
|
|
| /60°
(g, il
= 600
346 kN fgqo
BC
30 kN
Joint A Joint B

Helpful Hint

(D It should be stressed that the ten-
sion/compression designation refers
to the member, not the joint. Note
that we draw the force arrow on the
same side of the joint as the member
which exerts the force. In this way
tension (arrow away from the joint)
is distinguished from compression
(arrow toward the joint).

DE
60° 69.3 kN

CE="
63.5 kN
10 kN

Joint E

BC=
34.6 kN

CD
AC = ’i CE
17.32 kN
2

0 kN

Joint C
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Sample Problem 4/2

Calculate the forces induced in members KL, CL, and CB by the 20-ton load
on the cantilever truss. I

Gl F E D C B A
Solution. Although the vertical components of the reactions at A and M are 5 6 panels at 12"
statically indeterminate with the two fixed supports, all members other than AM

are statically determinate. We may pass a section directly through members KL,

CL, and CB and analyze the portion of the truss to the left of this section as a
(1) statically determinate rigid body.

The free-body diagram of the portion of the truss to the left of the section
is shown. A moment sum about L quickly verifies the assignment of CB as com-
pression, and a moment sum about C quickly discloses that KL is in tension. The
direction of CL is not quite so obvious until we observe that KL and CB intersect
at a point P to the right of G. A moment sum about P eliminates reference to
KL and CB and shows that CL must be compressive to balance the moment of
the 20-ton force about P. With these considerations in mind the solution becomes
straightforward, as we now see how to solve for each of the three unknowns
independently of the other two.

20 tons

@) Summing moments about L requires finding the moment arm BL = 16 + Helpful Hints

(26 — 16)/2 = 21 ft. Thus, (1) We note that analysis by the method

[EM;, = 0] 20(5)(12) — CB(21) = 0 CB = 57.1 tons C s e Ljemty euld necasrate Horking
with eight joints in order to caleulate

Next we take moments about C, which requires a calculation of cos 6. From the the three forces in question. Thus,

given dimensions we see 6 = tan '(5/12) so that cos # = 12/13. Therefore, the method of sections offers a con-

5 siderable advantage in this case.
[EM. = 0] 20(4)(12) — 75KL(16) = 0 KL = 65.0 tons T Ans.

(2) We could have started with moments

Finally, we may find CL by a moment sum about P, whose distance from C about C or P just as well.

is given by PC/16 = 24/(26 — 16) or PC = 38.4 ft. We also need B, which is

given by B = tan }(CB/BL) = tan *(12/21) = 29.7° and cos B = 0.868. We ® We cf’uld also ha\.fe d‘eten.‘mined CL
e Have by a force summation in either the x-

or y-direction.
@ [EMp = 0] 20(48 — 38.4) — CL(0.868)(38.4) = 0

CL = 5.76 tons C Ans.
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Sample Problem 4/3

Calculate the force in member D.J of the Howe roof truss illustrated. Neglect
any horizontal components of force at the supports.

Solution. Tt is not possible to pass a section through DeJ without cutting four
members whose forces are unknown. Although three of these cut by section 2
are concurrent at JJ and therefore the moment equation about o could be used
to obtain DE, the force in DJ cannot be obtained from the remaining two equi-
librium principles. It is necessary to consider first the adjacent section 1 before
analyzing section 2.

The free-body diagram for section 1 is drawn and includes the reaction of
18.33 kN at A, which is previously calculated from the equilibrium of the truss
as a whole. In assigning the proper directions for the forces acting on the three
cut members, we see that a balance of moments about A eliminates the effects
of CD and JK and clearly requires that CJ be up and to the left. A balance of
moments about C eliminates the effect of the three forces concurrent at C and
indicates that JK must be to the right to supply sufficient counterclockwise mo-
ment. Again it should be fairly obvious that the lower chord is under tension
because of the bending tendency of the truss. Although it should also be apparent
that the top chord is under compression, for purposes of illustration the force in
CD will be arbitrarily assigned as tension.

By the analysis of section 1, CJ is obtained from

[EM, = 0] 0.707CJ(12) — 10(4) — 10(8) = 0 CJ = 1414 kN C

In this equation the moment of CJ is calculated by considering its horizontal
and vertical components acting at point /. Equilibrium of moments about J
requires

[EM; = 0] 0.894CD(6) + 18.33(12) — 10(4) — 10(8) = 0

CD = -18.63 kN

The moment of CD about o is calculated here by considering its two components
as acting through D. The minus sign indicates that CD was assigned in the wrong
direction.

Hence, CD = 18.63 kN C

From the free-body diagram of section 2, which now includes the known
value of CJ, a balance of moments about G is seen to eliminate DE and JK. Thus,

[EM = 0] 12D + 10(16) + 10(20) — 18.33(24) — 14.14(0.707)(12) = 0

DJ =1667kN T Ans.

Again the moment of CJ is determined from its components considered to be
acting at J/. The answer for D.J is positive, so that the assumed tensile direction
is correct.

An alternative approach to the entire problem is to utilize section 1 to de-
termine CD and then use the method of joints applied at D to determine D.J.

W™ L Kl J I\l( H wp
10 kN J

Ff — 6 panelsat4 m ———

10 kN

Section 1

18.33 kN

Helpful Hints

(D There is no harm in assigning one or
more of the forces in the wrong di-
rection as long as the calculations
are consistent with the assumption.
A negative answer will show the
need for reversing the direetion of
the force.

@ If desired, the direction of CD may
be changed on the free-body diagram
and the algebraic sign of CD reversed
in the caleulations, or else the work
may be left as it stands with a note
stating the proper direction.

10 kN

~

18.33 kN

(3) Observe that a section through mem-
bers CD, D.J, and DE could be taken
which would cut only three unknown
members. However, since the forces
in these three members are all con-
current at [, a moment equation
about D would yield no information
about them. The remaining two force
equations would not be sufficient to
solve for the three unknowns.
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Sample Problem 4/4

The space truss consists of the rigid tetrahedron ABCD anchored by a ball-
and-socket connection at A and prevented from any rotation about the x-, y-, or
z-axes by the respective links 1, 2, and 3. The load L is applied to joint E, which
is rigidly fixed to the tetrahedron by the three additional links. Solve for the
forces in the members at joint E and indicate the procedure for the determination
of the forces in the remaining members of the truss.

Solution. We note first that the truss is supported with six properly placed
constraints, which are the three at A and the links 1, 2, and 3. Also, with m =
9 members and j = 5 joints, the condition m + 6 = 3j for a sufficiency of
members to provide a noncollapsible structure is satisfied.

The external reactions at A, B, and D can be calculated easily as a first step,
although their values will be determined from the solution of all forces on each
of the joints in succession.

We must start with a joint on which at least one known force and not more
than three unknown forces act, which in this case is joint E. The free-body dia-
gram of joint E is shown with all force vectors arbitrarily assumed in their pos-
itive tension directions (away from the joint). The vector expressions for the three
unknown forces are

Fgp = L/_; (-i-j), Fge = %C (—=3i — 4k), Fpp = —?2 (—3j — 4k)
Equilibrium of joint E requires

[ZF:‘]] L+FEB+FEC+FED=0 or

F
T4 'f;(*i*j) +E§Q(—3i+4k)+%(—3j—4k)=0

o
Rearranging terms gives

P % i 3FEC)i s (_FE = 3FED)j + (_4FEC e 4FED)k =0

( S B 5 b 5 5

N,
Equating the coefficients of the i-, j-, and k-unit vectors to zero gives the three
equations

Fgp | 3Fpc Fgp  3Fgp
e i T e e e S s R )
/2 5 2 5 EC ED
Solving the equations gives us
Fgg= —L/Jy2 Fpo=-5L/6 Fgp = 5L/6 Ans.

Thus, we conclude that Fgp and Fg are compressive forces and F, is tension.

Unless we have computed the external reactions first, we must next analyze
Jjoint C with the known value of Fpc and the three unknowns Fpp, Frys, and
Fep. The procedure is identical with that used for joint E. Joints B, D, and A
are then analyzed in the same way and in that order, which limits the unknowns
to three for each joint. The external reactions computed from these analyses
must, of course, agree with the values which can be determined initially from an
analysis of the truss as a whole.

Helpful Hints

() Suggestion: Draw a free-body dia-
gram of the truss as a whole and ver-
ify that the external forces acting on
the trussare A, = Li, A, = Lj, A, =
(4L/3)k, B, = 0,D, = —Lj, D, =
~(4L/3)k. '

(@ With this assumption, a negative nu-
merical value for a force would indi-
cate compression,
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Sample Problem 4/5

The frame supports the 400-kg load in the manner shown. Neglect the
weights of the members compared with the forces induced by the load and com-
pute the horizontal and vertical components of all forces acting on each of the
members.

Solution. We observe first that the three supporting members which constitute
the frame form a rigid assembly that can be analyzed as a single unit. We also
observe that the arrangement of the external supports makes the frame statically
determinate.

From the free-body diagram of the entire frame we determine the external
reactions. Thus,

[(EMy = 0]  550.4)981) - 5D =0 D = 432kN
[5F, = 0] A, -432=0 A =432kN
[SF, = 0] A, —392=0 A =392kN

Next we dismember the frame and draw a separate free-body diagram of
each member. The diagrams are arranged in their approximate relative positions
to aid in keeping track of the common forces of interaction. The external reac-
tions just obtained are entered onto the diagram for AD. Other known forces are
the 3.92-kN forces exerted by the shaft of the pulley on the member BF, as
obtained from the free-body diagram of the pulley. The cable tension of 3.92 kN
is also shown acting on AD at its attachment point.

Next, the components of all unknown forces are shown on the diagrams.
Here we observe that CE is a two-force member. The force components on CE
have equal and opposite reactions, which are shown on BF at E and on AD at
C. We may not recognize the actual sense of the components at B at first glance,
so they may be arbitrarily but consistently assigned.

The solution may proceed by use of a moment equation about B or E for
member BF, followed by the two force equations. Thus,

[EMy = 0] 3.92(5) — 3E,.(3) = 0 E, = 13.08 kN Ans.
[SF, = 0] B, + 392 — 13.08/2 =0 B, = 262kN Ans.
[SF, = 0] B, +392-1308=0 B, =915kN Ans.

Positive numerical values of the unknowns mean that we assumed their direc-
tions correctly on the free-body diagrams. The value of C, = E, = 13.08 kN
obtained by inspection of the free-body diagram of CE is now entered onto the
diagram for AD, along with the values of B, and B, just determined. The equa-
tions of equilibrium may now be applied to member AD as a check, since all the
forces acting on it have already been computed. The equations give

[EMs = 0] 4.32(3.5) + 4.32(1.5) — 3.92(2) — 9.15(1.5) = 0
[ZF, = 0] 432 — 13.08 + 9.15 + 392 + 432 = 0
[ZF, = 0] —13.08/2 + 2.62 + 392 = 0

.fmeﬁme -

T A
l.Sm ‘
15

T 28
1.5m

1.
1.5m

i 1l

&b

Helpful Hints

0]

@

We see that the frame corresponds to
the category illustrated in Fig. 4/14a.

Without this observation, the problem so-
lution would be much longer, because the
three equilibrium equations for member
BF would contain four unknowns: B, B,,,
E,, and E,. Note that the direction of the
line joining the two points of force appli-
cation, and not the shape of the member,
determines the direction of the forces act-
ing on a two-force member.

0.4(9.81)
=3.92kN
Di=>= E
3.92 kN
A,=3.92kN —_
3.92 kN —):-1%
iy
A= | 3.92kN| 13.92kN
432kN 392 KN . 3;32 kN
X
B, fY < -~
: 1, — 3.92 kN
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Sample Problem 4/6

Neglect the weight of the frame and compute the forces acting on all of its
members.

Solution. We note first that the frame is not a rigid unit when removed from
(1) its supports since BDEF is a movable quadrilateral and not a rigid triangle.
Consequently the external reactions cannot be completely determined until the
individual members are analyzed. However, we can determine the vertical com-
ponents of the reactions at A and C from the free-body diagram of the frame as

(2) a whole. Thus,

[(SMg = 0] 50(12) + 30(40) — 304, = 0 A, =601b Ans.
[SF, = 0] C, — 504/5) — 60 =0 C, = 1001b Ans.

Next we dismember the frame and draw the free-body diagram of each part.
Since EF is a two-force member, the direction of the force at E on ED and at F
on AB is known. We assume that the 30-1b foree is applied to the pin as a part
(3) of member BC. There should be no difficulty in assigning the correct directions
for forces E, F, D, and B.. The direction of B,, however, may not be assigned by
inspection and therefore is arbitrarily shown as downward on AB and upward

on BC.

Helpful Hints
Member ED. The two unknowns are easily obtained by

0 E
)75,

(1) We see that this frame corresponds to
50 1b Ans. the category illustrated in Fig. 4/14b.

100 Ib Ans. @ Thedirectionsof A, and C, are not ob-
vious initially and can be assigned ar-
bitrarily to be corrected later if
necessary.

(3 Alternatively the 30-1b force could be
applied to the pin considered a part of
BA, with a resulting change in the re-
action B,.

Il
Il

[EMp = 0] 50(12) — 12E
[EF = 0] D — 50 — 50

Member EF. Clearly F is equal and opposite to E with the magnitude of 50 Ib.

Member AB. Since F is now known, we solve for B, A,, and B, from

[EM, = 0] 50(3/5)(20) - B,(40) =0 B,=151b Ans.
[ZF, = 0] A, + 15 -503/5) =0 A, =151 Ans.
[ZF, = 0] 50(4/5) — 60 — B, = 0 B, =-201b Ans.

The minus sign shows that we assigned B, in the wrong direction.

Member BC. The results for B,, B,, and D are now transferred to BC, and the
(4) remaining unknown C, is found from

[SF, = 0] 30 + 1003/5) = 156 = C, =0  C, = 751b Ans. >4, 4P 50 \e—c,
We may apply the remaining two equilibrium equations as a check. Thus,

(2F, = 0] 100 + (—20) — 100(4/5) = 0 C, =100 Ib

(EM¢ = 0] (30 — 15)(40) + (-20)(30) = 0 (@) Alternatively we could have returned

to the free-body diagram of the
frame as a whole and found C,.
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Sample Problem 4/7

The machine shown is designed as an overload protection device which re-
leases the load when it exceeds a predetermined value 7' A soft metal shear pin
§ is inserted in a hole in the lower half and is acted on by the upper half. When
the total force on the pin exceeds its strength, it will break. The two halves then
rotate about A under the action of the tensions in BD and CD, as shown in the
second sketch, and rollers E and F release the eye bolt. Determine the maximum
allowable tension T'if the pin S will shear when the total force on it is 800 N.
Also compute the corresponding force on the hinge pin A.

Solution. Because of symmetry we analyze only one of the two hinged mem-
bers. The upper part is chosen, and its free-body diagram along with that for the
connection at D is drawn. Because of symmetry the forces at S and A have no x-
components. The two-force members BD and CD exert forces of equal magnitude
B = C on the connection at D. Equilibrium of the connection gives

Bceosf + Ccos0 —T =0
B = T/(2 cos 6)

[EF, = 0] 2Bcos = T

From the free-body diagram of the upper part we express the equilibrium
of moments about point A. Substituting S = 800 N and the expression for B
gives

[EMA = 0]

(cos A)(50) +

(sin 0)(36) — 36(800) — g(%) =.0

2 cos 2 cos 6

Substituting sin 6/cos ¢ = tan 6 = 5/12 and solving for T give

5(36) Y
T(25 e 13) = 28 800

T = 1477 N or T = 1477 kN Ans.
Finally, equilibrium in the y-direction gives us
(2R = 10] S —Bsingd - A=0
BC)O—ﬂ5 A=0 A = 492 N Ans.

2(12/13) 13

Dimensions
in millimeters

Released
position

y
[
\
!

/8

—x
C
Helpful Hints

() It is always useful to recognize sym-
metry. Here it tells us that the forces
acting on the two parts behave as
mirror images of each other with re-
spect to the x-axis. Thus, we cannot
have an action on one member in the
plus x-direction and its reaction on
the other member in the negative x-
direction. Consequently the forces at
S and A have no x-components,

(@ Be careful not to forget the moment
of the y-component of B. Note that
our units here are newton-
millimeters.











































































When forces are continuously distributed over a region of a structure, the cumulative effect
of this distribution must be determined. The cables of this cable-stayed bridge support the
weight of both the roadway and any vehicles distributed along its length.
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Sample Problem 5/1 >
Centroid of a circular arc. Locate the centroid of a circular are as shown in >
the figure. il
P a' C
e —

Solution. Choosing the axis of symmetry as the x-axis makesy = 0. A differ-
ential element of arc has the length dL = r d# expressed in polar coordinates,
and the x-coordinate of the element is r cos 6.

Applying the first of Egs. 5/4 and substituting L = 2ar give

[Lx = jx dL] (2ar)x = f (rcos6) rdé
2arx = 2r? sin a
5 _rsina A
o

For a semicircular arc 2a = m, which givesx = 2r/7. By symmetry we see
immediately that this result also applies to the quarter-circular arc when the
measurement is made as shown.

Helpful Hint

(D It should be perfectly evident that polar coordinates are preferable to rectan-
gular coordinates to express the length of a circular arc.

Sample Problem 5/2

Centroid of a triangular area. Determine the distance & from the base of a
triangle of altitude % to the centroid of its area.

Solution. The x-axis is taken to coincide with the base. A differential strip of
area dA = x dy is chosen. By similar triangles x/(h — y) = b/h. Applying the
second of Eqs. 5/5a gives -

— P — & |

e

[IPSE—— A _}

% bh _ J” bh = y) bh?
Ay = J’ —_ == —_—dy = —
[Ay ¥e dAl R4 Y e

PR
and y== Ans.
3 Helpful Hint
This same result holds with respect to either of the other two sides of the (1) We save one integration here by us-

triangle considered a new base with corresponding new altitude. Thus, the cen- ing the first-order element of area.
troid lies at the intersection of the medians, since the distance of this point from Recognize that dA must be expressed
any side is one-third the altitude of the triangle with that side considered the in terms of the integration variable

base. ¥; hence, x = f(y) is required.
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Sample Problem 5/3

Centroid of the area of a circular sector. Locate the centroid of the area of
a circular sector with respect to its vertex.

Solution I. The x-axis is chosen as the axis of symmetry, and ¥ is therefore
automatically zero. We may cover the area by moving an element in the form of
a partial circular ring, as shown in the figure, from the center to the outer pe-
riphery. The radius of the ring is ry and its thickness is dr, so that its area is
dA = 2rqa dry.

The x-coordinate to the centroid of the element from Sample Problem 5/1
is x, = ry sin a/a, where ry replaces r in the formula. Thus, the first of Eqs.
5/ba gives

5 Lo
[AF = f x, dA] Lyt S f (w)mr@a dro)
2m o

0
r2ox = %ra sin «
= 2rsin a
X == Ans.
of

Solution Il. The area may also be covered by swinging a triangle of differential
area about the vertex and through the total angle of the sector. This triangle,
shown in the illustration, has an area dA = (r/2)(r df), where higher-order terms
are neglected. From Sample Problem 5/2 the centroid of the triangular element
of area is two-thirds of its altitude from its vertex, so that the x-coordinate to
the centroid of the element is x, = %r cos f. Applying the first of Eqs. 5/5a gives

[A% = f x, dA] (ra)x = f Er cos 6)(Zr? do)
rlax = %r3 sin «
Tl e2arsin o
and as before X= 3 Ans.
o

For a semicircular area 2« = m, which gives x = 4r/37. By symmetry we
see immediately that this result also applies to the quarter-circular area where
the measurement is made as shown.

It should be noted that, if we had chosen a second-order element r, dr, d6,
one integration with respect to # would yield the ring with which Solution I
began. On the other hand, integration with respect to r initially would give the
triangular element with which Solution II began.

P DTS —. - |

Solution I

Helpful Hints

(1) Note carefully that we must distin-
guish between the variable r; and
the constant r.

(2) Be careful not to use Ty as the cen-
troidal coordinate for the element.
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Sample Problem 5/4

Locate the centroid of the area under the curve x = ky3 from x = 0 to
x = a.

Solution I. A vertical element of area dA = y dx is chosen as shown in the
figure. The x-coordinate of the centroid is found from the first of Eqs. 5/5a. Thus,

a
[AE:chdA] fjaydx=jxydx
0 0
Substitutingy = (x/k)"3 and & = a/b® and integrating give
3ab_  3d% )
Tx — T Xw= %a Ans.

In the solution for ¥ from the second of Eqs. 5/5a, the coordinate to the
centroid of the rectangular element isy, = /2, where y is the height of the strip
governed by the equation of the curve x = ky?. Thus, the moment principle
becomes

lA37=fych] 3:—bi=f(%)ydx

Substituting y = b(x/a)'® and integrating give

3ab _ _ 3ab®
£ T2 0

wilba

y =%£b Ans.

Solution Il The horizontal element of area shown in the lower figure may be
employed in place of the vertical element. The x-coordinate to the centroid of the
rectangular element is seen to be x, = x + %(a — x) = (@ + x)/2, which is
simply the average of the coordinates @ and x of the ends of the strip. Hence,

[A.f=fxch] a_cf:(a—x)dy=r(a+x)(a - dy

0 2

The value of ¥ is found from
b b

[Ay = jych] if (@ —x)dy = f yla — x) dy
0 0

where y. = y for the horizontal strip. The evaluation of these integrals will check
the previous results for X and .

———x

dy

_.L
1
1,

Helpful Hint

(1) Note that x,
element.

a

x for the vertical
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Sample Problem 5/5

Hemispherical volume. Locate the centroid of the volume of a hemisphere of
radius r with respect to its base.

Solution I. With the axes chosen as shown in the figure, ¥ =z = 0 by symme-
try. The most convenient element is a circular slice of thickness dy parallel to the
x-z plane. Since the hemisphere intersects the y-z plane in the circle y* + 22 =
r2, the radius of the circular sliceisz = +./72 — y2. The volume of the elemental

slice becomes
dV = #(r® — y¥ dy

The second of Eqs. 5/6a requires
{1 T
WW:J%dW yfawz—ﬂn@=fyﬂﬂfy%®
0 0

where y, = y. Integrating gives

PR R [ | o
i G e

coles

r Ans.

Solution II. Alternatively we may use for our differential element a cylindrical
shell of length y, radius 2, and thickness dz, as shown in the lower figure. By
expanding the radius of the shell from zero to r, we cover the entire volume. By
symmetry the centroid of the elemental shell lies at its center, so that y, = y/2.
The volume of the element is dV = (2112 dz)( y} Expressing y in terms of z from
the equation of the circle givesy = +/r 2 Using the value of 2 ST 3 computed
in Solution I for the volume of the helmsphere and substituting in the second of
Eqgs. 5/6a give us

5

S e
(Vy = fyc avl  Gmdy = J M ZF @m/i - P dz

0 2
r 4
:f wr? — 2 dz = T
0 4
y = %r Ans.

Solutions I and II are of comparable use since each involves an element of
simple shape and requires integration with respect to one variable only.

Solution IIl. As an alternative, we could use the angle 6 as our variable with
limits of 0 and #/2. The radius of either element would become r sin 6, whereas
the thickness of the slice in Solution I would be dy = (r df) sin # and that of
the shell in Solution IT would be dz =(r d6) cos 6. The length of the shell would
bey = r cos 4.

Ve =Y

Solution 1

Z’_; -

et
]

Yo =321

Solution IT

Solution III

Helpful Hint

(1) Can you identify the higher-order el-
ement of volume which is omitted
from the expression for dV?
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Sample Problem 5/6 y

Locate the centroid of the shaded area. 12" »‘

Solution. The composite area is divided into the four elementary shapes shown
in the lower figure. The centroid locations of all these shapes may be obtained
from Table D/3. Note that the areas of the “holes” (parts 3 and 4) are taken as
negative in the following table:

A X ¥y XA yA
PART in.2 in. in. in.® in3 S
1 120 6 5 720 600
2 30 14 10/3 420 100 1 I \
3 —-14.14 6 1.273 -84.8 -18 4 5
4 -8 12 4 -96 -32 -
TOTALS 127.9 959 650 : -
The area counterparts to Eqs. 5/7 are now applied and yield @
P AY S 959 :
[X = E:l Xo= m = 7.50 in. Ans.
<  ZAy = _ 650 :
[Y = EA:I Y = 279 - 5.08 in. Ans.
Sample Problem 5/7 6
Approximate the x-coordinate of the volume centroid of a body whose length o
is 1 m and whose cross-sectional area varies with x as shown in the figure. . 5
E gl |
= 2
Solution. The body is divided into five sections. For each section, the average 1 |
area, volume, and centroid location are determined and entered in the following 0 I | L
: 0 0.2 0.4 0.6 0.8 1.0
table: . m
A Volume V X Vx
INTERVAL m? m? m m*
0-0.2 3 0.6 0.1 0.060
0.2-0.4 45 0.90 ' 0.3 0.270
0.4-0.6 5.2 1.04 0.5 0.520
0.6-0.8 5.2 1.04 0.7 0.728
0.8-1.0 4.5 0.90 0.9 0.810
TOTALS 4.48 2.388
Helpful Hint
=tV - . 2.388 (D Note that the shape of the body as a
® [ 7 EV] A 448 Deaddan Ans, function of y and z does not affect X.
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Sample Problem 5/8 R .

Locate the center of mass of the bracket-and-shaft combination. The vertical
face is made from sheet metal which has a mass of 25 kg/m?. The material of
the horizontal base has a mass of 40 kg/m?, and the steel shaft has a density of
7.83 Mg/m®.

Solution. The composite body may be considered to be composed of the five
elements shown in the lower portion of the illustration. The triangular part will
be taken as a negative mass. For the reference axes indicated it is clear by sym-
metry that the x-coordinate of the center of mass is zero.

The mass m of each part is easily calculated and should need no further
explanation. For Part 1 we have from Sample Problem 5/3

For Part 3 we see from Sample Problem 5/2 that the centroid of the triangular
mass is one-third of its altitude above its base. Measurement from the coordinate
axes becomes

z = —[150 — 25 — §(75)] = —100 mm

The y- and z-coordinates to the mass centers of the remaining parts should be
evident by inspection. The terms involved in applying Eqs. 5/7 are best handled
in the form of a table as follows:

m ¥y z my mz
PART kg mm mm kg:mm kg mm
1 0.098 0 21.2 0 2.08
2 0.562 0 —175.0 0 —42.19
3 —0.094 0 —100.0 0 9.38
4 0.600 50.0 —150.0 30.0 —90.00
5 1.476 75.0 0 110.7 0
TOTALS 2.642 140.7 —120.73

Equations 5/7 are now applied and the results are

> Zmy = A0
[Y = Em] Y = 2642 53.3 mm Ans.

= =mz = —-120.73
[ ﬂ] T —45.7T mm Ans.
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Sample Problem 5/9

Determine the volume V and surface area A of the complete torus of circular

cross section.

Solution. The torus can be generated by revolving the circular area of radius
a through 360° about the z-axis. With the use of Eq. 5/9a, we have

V = 0FA = 27(R)(ma?) = 27°Ra?

Similarly, using Eq. 5/8a gives

A = 6rL = 27(R)(2ma) = 47°Ra

Ans.

Ans.

Helpful Hint

(1) We note that the angle 6 of revolu-
tion is 27 for the complete ring. This
common but special-case result is
given by Eq. 5/9.

Sample Problem 5/10

Calculate the volume V of the solid generated by revolving the 60-mm right-
triangular area through 180° about the z-axis. If this hody were constructed of
steel, what would be its mass m?

Solution. With the angle of revolution # = 180°, Eq. 5/9a gives

V = 6rA = 730 + 3(60)1[3(60)(60)] = 2.83(10°) mm?

The mass of the body is then

m =

3
3 kg 5 3 1m
pV = [7830 -—-—m3] [2.83(10°) mm”] 1000 mm

2.21 kg

Ans.

z
\
I
El

mm
l’x
—

7

o, |

|
30 60 ‘J
H*mm mm

Helpful Hint
(D Note that # must be in radians.
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Sample Problem 5/11

Determine the equivalent concentrated load(s) and external reactions for the
simply supported beam which is subjected to the distributed load shown.

Solution. The area associated with the load distribution is divided into the rec-
tangular and triangular areas shown. The concentrated-load values are deter-
mined by computing the areas, and these loads are located at the centroids of
the respective areas.

Once the concentrated loads are determined, they are placed on the free-

i_;._ f—>te @

|
ft
A 1 B
iy — —_—

E

Helpful Hint

(1) Note that it is usually unnecessary to
reduce a given distributed load to a
single concentrated load.

1

body diagram of the beam along with the external reactions at A and B. Using 5(160) (6)=4801b
principles of equilibrium, we have ) 5 é/,/’4(/I60 Ib/ft
[SM, = 0] 1200(5) + 480(8) — Rp(10) = 0 120 Ib/ft ‘I, 120 b/t
A B
Rp = 984 1b Ans. (120) (10) = 1200 Ib
[EME = 0] RA(].O) — 1200(5) — 480(2) = 0 12001b 480 1b
R, = 69 1b Ans. e 5 —"{‘-' 3 *»**
A
A
RA RB
Sample Problem 5/12 wlx)

Determine the reaction at the support A of the loaded cantilever beam.

Solution. The constants in the load distribution are found to be w, = 1000
N/m and £ = 2 N/m®. The load R is then

8 4\ |8
R = fwdx =f (1000 + 2%) dx = (IOOOx +"E) = 10048 N
0
0
The x-coordinate of the centroid of the area is found by
J xw dx fﬁ g
R = 1000 +
e 7 10048DJC(OOO 2x°) dx
1 2 g B8
= 4 & = 4.
10 043 (500x° X )|0 449 m
From the free-body diagram of the beam, we have
[EM, = 0] M, — (10 048)(4.49) = 0
M, = 45100 N-m Ans.
[ZF, = 0] A, = 10048 N Ans.

Note that A, = 0 by inspection.

; W =wg + kad

m
P Ll

I-i— ——8m—————
A

L

Helpful Hints
(@ Use caution with the units of the

constants wy and k.

(2) The student should recognize that
the calculation of R and its location
X is simply an application of cen-
troids as treated in Art. 5/3.

10048 N

~——449m— Y
Ax—& 1B
¥y
m\pA Y
|

A
A,

——%
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Sample Problem 5/13

Determine the shear and moment distributions produced in the simple beam
by the 4-kN concentrated load.

Solution. From the free-body diagram of the entire beam we find the support
reactions, which are

R, = 16kN R, = 24kN

A section of the beam of length x is next isolated with its free-body diagram
on which we show the shear V and the bending moment M in their positive
directions. Equilibrium gives

[SF, = 0] 16 -V=0 V=16kN
(Mg, = 0] M-16x=0 M=16x

These values of V and M apply to all sections of the heam to the left of the 4-kN
load.

A section of the beam to the right of the 4-kN load is next isolated with its
free-body diagram on which V and M are shown in their positive directions.
Equilibrium requires

[EF, = 0] V+24=0 V
[EMp, = 0] -24H)10 -x) + M=0 M

—2.4 kN

Il
Il

2.4(10 — x)

These results apply only to sections of the beam to the right of the 4-kN load.

The values of V and M are plotted as shown. The maximum bending moment
occurs where the shear changes direction. As we move in the positive x-direction
starting with x = 0, we see that the moment M is merely the accumulated area
under the shear diagram.

4 kN

R,=1.6kN Ry =24 kN
y 14
|
| M
%
74
1.6 kN
V, kN
|
\ \
' \ !
1.61 |
[
\
01 y — X, m
0 6 10

Helpful Hint

(1) We must be careful not to take our
section at a concentrated load (such
asx = 6 m) since the shear and mo-
ment relations involve discontinu-
ities at such positions.
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Sample Problem 5/14

The cantilever beam is subjected to the load intensity (force per unit length)
which varies as w = wj sin (mx/l). Determine the shear force V and bending

moment M as functions of the ratio x//.

Solution. The free-body diagram of the entire beam is drawn first so that the
shear force V; and bending moment M, which act at the supported end at x =
0 can be computed. By convention V; and M, are shown in their positive math-
ematical senses. A summation of vertical forces for equilibrium gives

[SF, = 0] :

A summation of moments about the left end at x = 0 for equilibrium gives

')

1
[SM = 0] —Mo—fx(wdx)=0 M, = —f woxsin-?-dx
0 0
2 t 2
i ) W A S
M, — [sm 7 7 cos l:|0 =

From a free-body diagram of an arbitrary section of length x, integration of
Eq. 5/10 permits us to find the shear force internal to the beam. Thus,

[dV = —w dx]

or in dimensionless form

74

wOl

M X wil
[dM = V dx] dM = f -
M, 0575
M- My =2 [x
o
M= _wyl®
o
or in dimensionless form
Mo Lfx
wolz m l

The variations of V/wyl and M/wyl? with x/I are shown in the bottom fig-
ures. The negative values of M/wl? indicate that physically the bending moment

474 X
dv = —f wy sin
0

-

L £
Vuffwdx=0 v0=fw0sin"—”‘dx=
0

l

l

wyl
T/

T

is in the direction opposite to that shown.

[

LR

1 + cos %)

The bending moment is obtained by integration of Eq. 5/11, which gives

(1 + cos ?) dx

x

. LT
+ — sin T]
(il 0

[x + isin—q-Trx— - 0]
T 1

3 mr)
-1+ —sin—
T {

A

2wl

-0.318

wnlz

Helpful Hints

(D In this case of symmetry it is clear

that the resultant R = V,, = 2wyl/=
of the load distribution acts at mid-
span, so that the moment require-
ment is simply M, = —-RI/2 =
—wgl?/m. The minus sign tells us
that physically the bending moment
at x = 0 is opposite to that repre-
sented on the free-body diagram.

(@ The free-hody diagram serves to re-

mind us that the integration limits
for V as well as for x must be ac-
counted for. We see that the expres-
sion for V is positive, so that the
shear force is as represented on the
free-body diagram.

0 02 xfl 06 08 1.0
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Sample Problem 5/15

Draw the shear-force and bending-moment diagrams for the loaded beam
and determine the maximum moment M and its location x from the left end.

Solution. The support reactions are most easily obtained by considering the
resultants of the distributed loads as shown on the free-body diagram of the beam
as a whole. The first interval of the beam is analyzed from the free-body diagram
of the section for 0 < x < 4 ft. A vertical summation of forces and a moment
summation about the cut section yield

[EF, = 0] V = 247 — 12.5¢%
M =0 M+ (12.5x2)§ — Uk =0 M= 247 — 4173

These values of V and M hold for 0 < x < 4 ft and are plotted for that interval
in the shear and moment diagrams shown.

From the free-body diagram of the section for which 4 < x < 8 ft, equilib-
rium in the vertical direction and a moment sum about the cut section give

[SF,=0]  V+100(x - 4) + 200 — 247 =0 V= 447 — 100«
[EM =01 M+ 100 — 4) ’6;—4 +2000x — 2(4)] — 247x = 0

M = —267 + 447x — 50x2

These values of V and M are plotted on the shear and moment diagrams for the
interval 4 < x < 8 ft.

The analysis of the remainder of the beam is continued from the free-body
diagram of the portion of the beam to the right of a section in the next interval.
It should be noted that V and M are represented in their positive directions. A
vertical force summation and a moment summation about the section yield

V = -3531b and M = 2930 — 353x

These values of V and M are plotted on the shear and moment diagrams for the
interval 8 < x < 10 ft.

The last interval may be analyzed by inspection. The shear is constant at
+300 1b, and the moment follows a straight-line relation beginning with zero at
the right end of the beam.

The maximum moment occurs at x = 4.47 ft, where the shear curve crosses
the zero axis, and the magnitude of M is obtained for this value of x by substi-
tution into the expression for M for the second interval. The maximum moment is

M = 732 lb-ft Ans.

As before, note that the moment M at any section equals the area under the
shear diagram up to that section. For instance, for x < 4 ft,

[AM = dexJ Mfo:f (247 — 12.5x2) dx
0

and, as above, M = 247x — 4.17x3

100 Ib/ft

TRI =247 b TRZ =653 lb

12,522
2 1o v 3001
r- 3 5100
4
12-x Y
M
X
M
v
247 1b 653 Ib
100(x — 4)
200 1b | ——

T2
¥ Y by

247 1b

V,1b
|

' ——1300

247 |
r\ I

ol :
) 4 8; 10| 12
— 4.47 J :

|

|

|

|

M, -t | 353

- |

|

| |

| |

0 | ] |
0 4 s\ 110/ 12
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Sample Problem 5/16

The light cable supports a mass of 12 kg per meter of horizontal length and
is suspended between the two points on the same level 300 m apart. If the sag
is 60 m, find the tension at midlength, the maximum tension, and the total length
of the cable.

fe——— 300 m——— -

S

Solution. With a uniform horizontal distribution of load, the solution of part
(b) of Art. 5/8 applies, and we have a parabolic shape for the cable. For h =
60m, L = 300 m, and w = 12(9.81)(10?) kN/m the relation following Eq. 5/14
with /[, = L/2 gives for the midlength tension

wlL? _ 0.1177(3007 _
[TO —; —gh—] 0= _W = 22.1 kN Ans.

The maximum tension occurs at the supports and is given by Eq. 5/15b. Thus,

wlL L\2
o Sl Lo
[’“‘“ 2 1+(4h)]

=g 2
_ 12080103000 | (39‘1) =283 kN

4(60)

T Ans.

max 2

The sag-to-span ratio is 60/300 = 1/5 < 1/4. Therefore, the series expres-
sion developed in Eq. 5/16a is convergent, and we may write for the total length

+§(z)2 _g(z)ﬁ ]
G L 5) 5 \5

300[1 + 0.1067 — 0.01024 + |
329 m

S = 300 l:l

Il

Ans.

L=

12 kg/m

75n11 75 m

R =12(150)(9.81)(1073)
=17.66 kN

Helpful Hint

(D Suggestion: Check the value of Ty
directly from the free-body diagram
of the right-hand half of the cable,
from which a force polygon may be
drawn.
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Sample Problem 5/17

Replace the cable of Sample Problem 5/16, which is loaded uniformly along
the horizontal, by a cable which has a mass of 12 kg per meter of its own length
and supports its own weight only. The cable is suspended between two points on
the same level 300 m apart and has a sag of 60 m. Find the tension at midlength,

the maximum tension, and the total length of the cable.

Solution. With a load distributed uniformly along the length of the cable, the

Soluti
solution of part (¢) of Art. 5/8 applies, and we have a catenary shape of the cable. T, :02“3_1; ?(N
Equations 5/20 and 5/21 for the cable length and tension both involve the min- 0.33
imum tension T, at midlength, which must be found from Eq. 5/19. Thus, for N |
x = 150m,y = 60 m, and p = 12(9.81)(1073) = 0.1177 kN/m, we have 0.32
0 - - 3"1077 [wsh (0.117;)(150) % 1] 0.31 iy /-ﬁ 7;)6 |
. 0
7.06 17.66 0-30 ~3 0
or —T;— = cosh Ty -1 0.99 cosh 17_66) —lgk
Ty N
This equation can be solved graphically. We compute the expression on each 0.28 \
side of the equals sign and plot it as a function of T\,. The intersection of the 22.5 23.0 23.5 24.0
two curves establishes the equality and determines the correct value of T,. This Ty, kN

plot is shown in the figure accompanying this problem and yields the solution
Ty = 23.2 kN
Alternatively, we may write the equation as

17.66  7.06

il ALy
Ty Ty

f(Ty) = cosh

and set up a computer program to calculate the value(s) of Ty which renders

f(Ty) = 0. See Art. C/11 of Appendix C for an explanation of one applicable
numerical method.

The maximum tension occurs for maximum y and from Eq. 5/22 is () Note that the solution of Sample

Problem 5/16 for the parabolic cable

Helpful Hint

Tonax = 232+ (0:1177)(60) = 30.2°kN i gives a very close approximation to

@ From Eq. 5/20 the total length of the cable becomes the values for the catenary even
though we have a fairly large sag.

SEry 23.2 i (0.1177)(150) _ 330 m e The approximation is even better for

0.1177 23.2 smaller sag-to-span ratios.
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Sample Problem 5/18

A rectangular plate, shown in vertical section AB, is 4 m high and 6 m wide
(normal to the plane of the paper) and blocks the end of a fresh-water channel
3 m deep. The plate is hinged about a horizontal axis along its upper edge
through A and is restrained from opening by the fixed ridge B which bears hor-
izontally against the lower edge of the plate. Find the force B exerted on the
plate by the ridge.

Solution. The free-body diagram of the plate is shown in section and includes
the vertical and horizontal components of the force at A, the unspecified weight
W = mg of the plate, the unknown horizontal force B, and the resultant R of
the triangular distribution of pressure against the vertical face.

The density of fresh water is p = 1.000 Mg/m? so that the average pressure
1S

[Pay = pghl] Pay = 1.0009.81)3) = 14.72 kPa

The resultant R of the pressure forces against the plate becomes
[R = p,,Al R =

This foree acts through the centroid of the triangular distribution of pressure,
which is 1 m above the bottom of the plate. A zero moment summation about A

(14.72)(3)(6) = 265 kN

R
AT
&

A.\‘
- .
2m ’L mg 4 m
R = e
1m |
i, < B L

Helpful Hint

(1) Note that the units of pressure pgh are

establishes the unknown force B. Thus, (103 kg )( ) ( 108 kg- m)( )
[M, = 0] 3(265) ~ 4B =0 B =198.7kN s s A sy A
= kN/m= = kPa.
Sample Problem 5/19 (
: : = @ 4| e
The air space in the closed fresh-water tank is maintained at a pressure of Air 8"
0.80 Ib/in.2 (above atmospheric). Determine the resultant force R exerted by the _i
air and water on the end of the tank. |
Water 30"
Solution. The pressure distribution on the end surface is shown, where p, = Side vi B_L End vi
0.80 Ib/in.2 The specific weight of fresh water is p = pg = 62.4/1728 = 0.0361 eI ki
Ib/in.? so that the increment of pressure Ap due to the water is Py A

Ap = u Ah = 0.0361(30) = 1.083 lb/in.?

The resultant forces R, and R, due to the rectangular and triangular distribu-
tions of pressure, respectively, are

L = PoA; = 0.80(38)(25) = 760 b

Ry = Apy Ay = 3'%8—3 (30)(25) = 406 1b

The resultant is then R = R; + Ry = 760 + 406 = 1166 lb. Ans.

We locate R by applying the moment principle about A noting that R, acts
through the center of the 38-in. depth and that Ry acts through the centroid of
the triangular pressure distribution 20 in. below the surface of the water and
20 + 8 = 28 in. below A. Thus,

[Rh = M 4] 1166k = 760(19) + 406(28) h = 22.1 in. Ans.

Helpful Hint
() Dividing the

pressure distribution

into these two parts is decidedly the
simplest way in which to make the

calculation.
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Sample Problem 5/20

Determine completely the resultant force R exerted on the cylindrical dam
surface by the water. The density of fresh water is 1.000 Mg/m3, and the dam
has a length b, normal to the paper, of 30 m.

Solution. The circular block of water BDO is isolated and its free-body diagram
is drawn. The force P, is

_ (1.000)(9.81)(4)

9 (30)(4) = 2350 kN

P, = pghA = %br

The weight W of the water passes through the mass center G of the quarter-
circular section and is

{4)>
mg = pgV = (1.000){9.81)—4— (30) = 3700 kN

Equilibrium of the section of water requires
[SF, = 0] R, = P, = 2350 kN

[2F, = 0] R, = mg = 3700 kN

The resultant force R exerted by the fluid on the dam is equal and opposite
to that shown acting on the fluid and is

= — fro8EmM2 £ aTnm 2. —
[R=JVR?*+R7 R = J(2350)* + (3700)* = 4380 kN Ans.

The x-coordinate of the point A through which R passes may be found from the
principle of moments. Using B as a moment center gives

4 16
2350 | — | + 3700 | ——
4r (3) e (371)

r
E_,_mggrARyx_o,x_ 3700 =255m Ans.

Py

Alternative Solution. The force acting on the dam surface may be obtained
by a direct integration of the components

dR, = pdAcosf and dR, = p dA sin @
where p = pgh = pgr sin 6 and dA = b(r d#). Thus,

11','2 w2

R, = J pgr?b sin 6 cos 0.d6 = —pgr? l:m—i-?—g] = Logr%
0
i 0 sin26]7* 1

R, = f per?b sin® 0.do = pgr?h by = qmpgrib
0

Thus, R = JR? + Ry'z = %pgrzb\/'l + 77/4. Substituting the numerical

values gives
R = 5(1.000)(9.81)(4%)(30)/1 + m2/4 = 4380 kN Ans.

Since dR always passes through point O, we see that R also passes through
O and, therefore, the moments of R, and R, about O must cancel. So we write
R.y, = R,x,, which gives us

x1/yy = Ro/R, = (3pgr?b)/Gmpgr?b) = 2/m
By similar triangles we see that

x/r = x1/y; = 2/7 and x = 2r/m = 2(4)/m = 255 m Ans.

]

Helpful Hints

(D See note (1) in Sample Problem 5/18
if there is any question about the
units for pgh.

() This approach by integration is fea-
sible here mainly because of the sim-
ple geometry of the circular arc.
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Sample Problem 5/21

Determine the resultant force R exerted on the semicircular end of the water
tank shown in the figure if the tank is filled to capacity. Express the result in
terms of the radius r and the water density p.

Solution I. We will obtain R first by a direct integration. With a horizontal
strip of area dA = 2x dy acted on by the pressure p = pgy, the increment of the
resultant force is dR = p dA so that

Il

R=[paa= [ ppyecan - 200 [ 3/Z =52 a
0

Integrating gives R = %,cvgrEl Ans.

The location of R is determined by using the principle of moments. Taking
moments about the x-axis gives

o
[RY = jy dR] 30ar’Y = 2pg L y:r? -y dy
Integrating gives %pgra? = pg,;r g and Y= 31—7; Ans.

Solu!ion H_. We may use Eq. 5/25 directly to find R, where the average pressure
is pgh and h is the coordinate to the centroid of the area over which the pressure
acts. For a semicircular area h = 4r/(3m).
[R = pghAl R = pg —— = Zpgr® Ans.
3m 2

which is the volume of the pressure-area figure.

The resultant R acts through the centroid C of the volume defined by the
pressure-area figure. Calculation of the centroidal distance Y involves the same
integral obtained in Solution I.

Helpful Hint

(@) Be very careful not to make the mis-
take of assuming that R passes
through the centroid of the area over
which the pressure acts.

Sample Problem 5/22

A buoy in the form of a uniform 8-m pole 0.2 m in diameter has a mass of
200 kg and is secured at its lower end to the bottom of a fresh-water lake with
5 m of cable. If the depth of the water is 10 m, calculate the angle # made by
the pole with the horizontal.

Solution. The free-body diagram of the buoy shows its weight acting through
G, the vertical tension 7' in the anchor cable, and the buoyancy force B which
passes through centroid C of the submerged portion of the buoy. Let x be the
distance from G to the waterline. The density of fresh water is p = 10° kg/m?,
so that the buoyancy force is

[B = pgV]
Moment equilibrium, EM, = 0, about A gives

B = 10%(9.81)7(0.1)%(4 + x) N

cos 8 = 0

200(9.81)(4 cos 6) — [10%(9.81)m(0.1)%(4 + x)] Lt

5

4+ 314 A

Thus, x = 3.14m and 6 = sin?! ( ) = 44.5°

10 74
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When contacting surfaces tend to slip on each other, friction forces are produced and must be
accounted for. This mountan climber depends on friction between his body and the rocks as
well as friction between the rope and mechanical devices through which the rope can slip.
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Sample Problem 6/1

Determine the maximum angle 6 which the adjustable incline may have with
the horizontal before the block of mass m begins to slip. The coefficient of static
friction between the block and the inclined surface is p,.

Solution. The free-body diagram of the block shows its weight W = mg, the
normal force N, and the friction force F exerted by the incline on the block. The
friction force acts in the direction to oppose the slipping which would occur if no
friction were present.

Equilibrium in the x- and y-directions requires

[EF, = 0] mgsinf — F =0 F = mgsin
[EFJ,=0] -mgcosf + N =20 N = mg cos 6

Dividing the first equation by the second gives F/N = tan 6. Since the maximum
angle occurs when F' = F_ .. = u.N, for impending motion we have

M, = tan O,  or 6, = tan! . Ans.

¥
\ W=mg
A
\
-

Helpful Hints

(D We choose reference axes along and
normal to the direction of F to avoid
resolving both F and N
components.

into

(2) This problem describes a very simple
way to determine a static coefficient
of friction. The maximum value of #
is known as the angie of repose.

Sample Problem 6/2

Determine the range of values which the mass my may have so that the
100-kg block shown in the figure will neither start moving up the plane nor slip
down the plane. The coefficient of static friction for the contact surfaces is 0.30.

Solution. The maximum value of m, will be given by the requirement for mo-
tion impending up the plane. The friction force on the block therefore acts down
the plane, as shown in the free-body diagram of the block for Case I in the figure.
With the weight mg = 100(9.81) = 981 N, the equations of equilibrium give

[EF, = 0] N - 981cos20°=0 N = 922N
[Froax = N1 F_.. = 0.30(922) = 277N
[EF, = 0] my(9.81) — 277 — 981 sin 20° = 0 m, = 62.4 kg Ans,

The minimum value of m is determined when motion is impending down the
plane. The friction force on the block will act up the plane to oppose the tendency
to move, as shown in the free-body diagram for Case II. Equilibrium in the x-
direction requires

[3F, = 0] mo(9.81) + 277 — 981 sin 20° = 0 m, = 6.01 kg Ans.

Thus, my may have any value from 6.01 to 62.4 kg, and the block will remain at
rest.

In both cases equilibrium requires that the resultant of F,, and N be con-
current with the 981-N weight and the tension 7.

100 h'3) =
~3% A

9!
\\981 N i
. T=mog
-
oK P
20°
N
Casel
¥y
\\981 N "
: T=mog

Frnax }1
“a0°
Case I1
Helpful Hint

(1) We see from the results of Sample
Problem 6/1 that the block would
slide down the incline without the
restraint of attachment to m since
tan 20° > 0.30. Thus, a value of
my will be required to maintain
equilibrium.
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Sample Problem 6/3

Determine the magnitude and direction of the friction force acting on the
100-kg block shown if, first, P = 500 N and, second, P = 100 N. The coefficient
of static friction is 0.20, and the coefficient of kinetic friction is 0.17. The forces
are applied with the block initially at rest.

Solution. There is no way of telling from the statement of the problem whether
the block will remain in equilibrium or whether it will begin to slip following the
application of P. It is therefore necessary that we make an assumption, so we
will take the friction force to be up the plane, as shown by the solid arrow. From
the free-body diagram a balance of forces in both x- and y-directions gives

[EF, = 0] P cos 20° + F — 981 sin 20° = 0
[EF, = 0] N — Psin 20° — 981 cos 20° = 0

Casel P = 500 N
Substitution into the first of the two equations gives

F = -1343 N

The negative sign tells us that if the block is in equilibrium, the friction force
acting on it is in the direction opposite to that assumed and therefore is down
the plane, as represented by the dashed arrow. We cannot reach a conclusion on
the magnitude of F, however, until we verify that the surfaces are capable of
supporting 134.3 N of friction force. This may be done by substituting P =
500 N into the second equation, which gives

N = 1093 N
The maximum static friction force which the surfaces can support is then
Frar = MV Froax = 0.20(1093) = 219 N

Since this force is greater than that required for equilibrium, we conclude that
the assumption of equilibrium was correct. The answer is, then,

F = 134.3 N down the plane Ans.

Casell. P = 100 N
Substitution into the two equilibrium equations gives

F = 242 N N = 956 N
But the maximum possible static friction force is
Frax = #sN] Frax = 0.20(956) = 191.2 N

It follows that 242 N of friction cannot be supported. Therefore, equilibrium
cannot exist, and we obtain the correct value of the friction force by using the
kinetic coefficient of friction accompanying the motion down the plane. Hence,
the answer is

[F, = wN] F = 0.17(956) = 162.5 N up the plane Ans.

y
\
\ 100(9.81) =981 N

Helpful Hint

(1) We should note that even though
2F, is no longer equal to zero, equi-
librium does exist in the y-direction,
so that £F, = 0. Therefore, the nor-
mal force N is 956 N whether or not
the block is in equilibrium.
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Sample Problem 6/4

The homogeneous rectangular block of mass m, width &, and height H is
placed on the horizontal surface and subjected to a horizontal force P which
moves the block along the surface with a constant velocity. The coefficient of
kinetic friction between the block and the surface is p;,. Determine (a) the great-
est value which & may have so that the block will slide without tipping over and
(b) the location of a point C on the bottom face of the block through which the
resultant of the friction and normal forces acts if h = H/2.

Solution. (a) With the block on the verge of tipping, we see that the entire
reaction between the plane and the block will necessarily be at A. The free-body
diagram of the block shows this condition. Since slipping oceurs, the friction force
is the limiting value p, N, and the angle 6 becomes 6 = tan™! u,. The resultant
of Fj, and N passes through a point B through which P must also pass, since
three coplanar forces in equilibrium are concurrent. Hence, from the geometry
of the block

b/2 h b

tan 0 = w, = —

i3 = 2—“‘; Ans.

If h were greater than this value, moment equilibrium about A would not
be satisfied, and the block would tip over.

Alternatively, we may find & by combining the equilibrium requirements for
the x- and y-directions with the moment-equilibrium equation about A. Thus,

2ZF, = 0] N-mg=0 N=mg
[EF, = 0] F,-P=0 P=F,=wN=ppmg
b mgb mgb b
> - i — = A bl =T Ans.
[EM, = 0] Ph — mg 5 0 9B e e s

(b) With A = H/2 we see from the free-body diagram for case (b) that the
resultant of F;, and N passes through a point C which is a distance x to the left
of the vertical centerline through G. The angle fis still § = ¢ = tan! My, as
long as the block is slipping. Thus, from the geometry of the figure we have

X
m = tan 0 = p, S0 x = wH/2 Ans.

If we were to replace w; by the static coefficient g, then our solutions would
describe the conditions under which the block is (a) on the verge of tipping and
(b) on the verge of slipping, both from a rest position.
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Helpful Hints

(D Recall that the equilibrium equa-
tions apply to a body moving with a
constant velocity (zero acceleration)
just as well as to a body at rest.

(2) Alternatively, we could equate the
moments about G to zero, which
would give us F(H/2) — Nx = 0.
Thus, with F), = N we get x =
npH/2.
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Sample Problem 6/5

The three flat blocks are positioned on the 30° incline as shown, and a force
P parallel to the incline is applied to the middle block. The upper block is pre-
vented from moving by a wire which attaches it to the fixed support. The coef-
ficient of static friction for each of the three pairs of mating surfaces is shown.
Determine the maximum value which P may have before any slipping takes place.

Solution. The free-body diagram of each block is drawn. The friction forces are
assigned in the directions to oppose the relative motion which would occur if no
friction were present. There are two possible conditions for impending motion.
Either the 50-kg block slips and the 40-kg block remains in place, or the 50- and
40-kg blocks move together with slipping occurring between the 40-kg block and
the incline.

The normal forees, which are in the y-direction, may be determined without
reference to the friction forces, which are all in the x-direction. Thus,

[SF, = 0] (30-kg) N, — 30(9.81) cos 30° = 0 N, = 255N
0 N, = 680N
(40-kg) Ny — 40(9.81) cos 30° — 680 = 0 N, = 1019 N

(50-kg) Ny — 50(9.81) cos 30° — 255

I

We will assume arbitrarily that only the 50-kg block slips, so that the 40-kg
block remains in place. Thus, for impending slippage at both surfaces of the 50-kg
block, we have

Froax = N1 Fy = 0.30(255) = 765 N F, = 0.40(680) = 272 N

The assumed equilibrium of forces at impending motion for the 50-kg block
gives

[EF,=0] P - 765 — 272 + 50(9.81)sin30° =0 P = 103.1 N

We now check on the validity of our initial assumption. For the 40-kg block
with F; = 272 N the friction force F3 would be given by

[EF, = 0] 272 + 40(9.81) sin 30° — F3 = 0 Fy = 468 N

But the maximum possible value of Fy is F3 = N3 = 0.45(1019) = 459 N.
Thus, 468 N cannot be supported and our initial assumption was wrong. We
conclude, therefore, that slipping occurs first between the 40-kg block and the
incline. With the corrected value F'y = 459 N, equilibrium of the 40-kg block for
its impending motion requires

[EF, = 0] Fy + 40(9.81) sin 30° — 459 = 0 F, = 263N
Equilibrium of the 50-kg block gives, finally,
[EF, = 0] P + 50(9.81) sin 30° — 263 — 76.5 = 0
P =938N Ans.

Thus, with P = 93.8 N, motion impends for the 50-kg and 40-kg blocks as a
unit.

Helpful Hints

(D) In the absence of friction the middle
block, under the influence of P,
would have a greater movement than
the 40-kg block, and the friction
force Iy will be in the direction to
oppose this motion as shown.

(2) We see now that Fy is less than
uNy = 272 N.
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Sample Problem 6/6

The horizontal position of the 500-kg rectangular block of concrete is ad-
Justed by the 5° wedge under the action of the force P. If the coefficient of static
friction for both pairs of wedge surfaces is 0.30 and if the coefficient of static
friction between the block and the horizontal surface is 0.60, determine the least
force P required to move the block.

Solution. The free-body diagrams of the wedge and the block are drawn with
the reactions Ry, Ry, and Ry inclined with respect to their normals by the
amount of the friction angles for impending motion. The friction angle for lim-
iting static friction is given by ¢ = tan ! u. Each of the two friction angles is
computed and shown on the diagram.

We start our vector diagram expressing the equilibrium of the block at a
convenient point A and draw the only known vector, the weight W of the block.
Next we add Ry, whose 31.0° inclination from the vertical is now known. The
vector Ry, whose 16.70° inclination from the horizontal is also known, must close
the polygon for equilibrium. Thus, point B on the lower polygon is determined
by the intersection of the known directions of Ry and R, and their magnitudes
become known.

For the wedge we draw Ry, which is now known, and add R, whose direc-
tion is known. The directions of R, and P intersect at C, thus giving us the
solution for the magnitude of P.

Algebraic solution. The simplest choice of reference axes for calculation pur-
poses is, for the block, in the direction a-a normal to R; and, for the wedge,
in the direction b-b normal to R,. The angle between R, and the a-direction is
16.70° + 31.0° = 47.7°. Thus, for the block

[EF, = 0] 500(9.81) sin 31.0° — R, cos 47.7° = 0
Ry = 3750 N

For the wedge the angle between R, and the b-direction is 90° — (2¢; +
5°) = 51.6° and the angle between P and the b-direction is ¢ + 5° = 21.7°
Thus,

2F, = 0] 3750 cos 51.6° — P cos 21.7° = 0
P = 2500 N Ans.

Graphical solution. The accuracy of a graphical solution is well within the
uncertainty of the friction coefficients and provides a simple and direct result.
By laying off the vectors to a reasonable scale following the sequence described,
we obtain the magnitudes of P and the R’s easily by scaling them directly from
the diagrams.

W =50009.81) N

oy =tan' 0.30 a 7 \R-
= 16.70° A
ty=tan™! 0.60
=31,0°

W=4905N

Helpful Hints

(D Be certain to note that the reactions
are inclined from their normals in
the direction to oppose the motion.
Also, we note the equal and opposite
reactions R,

(@) It should be evident that we avoid si-
multaneous equations by eliminating
reference to Ry for the block and R,
for the wedge.
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Sample Problem 6/7

The single-threaded screw of the vise has a mean diameter of 1 in. and has
5 square threads per inch. The coefficient of static friction in the threads is 0.20.
A 60-1b pull applied normal to the handle at A produces a clamping force of 1000
b between the jaws of the vise. (@) Determine the frictional moment My, devel-
oped at B, due to the thrust of the screw against the body of the jaw. (b) Deter-
mine the force @ applied normal to the handle at A required to loosen the vise.

Solution. From the free-body diagram of the jaw we first obtain the tension T
in the screw.

[EM- = 0] 1000(16) — 10T = 0 T = 1600 lb

The helix angle « and the friction angle ¢ for the thread are given by
1 L

1/5
=— T — = i
@ tan o tan 27(0.5)

¢ =tan"! p = tan"!0.20 = 11.31°

= 3.64°

where the mean radius of the thread is r = 0.5 in.

(a) To tighten. The isolated screw is simulated by the free-body diagram shown
where all of the forces acting on the threads of the screw are represented by a
single force R inclined at the friction angle ¢ from the normal to the thread. The
moment applied about the screw axis is 60(8) = 480 lb-in. in the clockwise di-
rection as seen from the front of the vise. The frictional moment Mg due to the
friction forces acting on the collar at B is in the counterclockwise direction to
oppose the impending motion. From Eq. 6/3 with T' substituted for W the net
moment acting on the screw is

M = Trtan (a + ¢)
480 — Mp = 1600(0.5) tan (3.64° + 11.31°)
Mp = 266 lb-in. Ans.

(b) To loosen. The free-body diagram of the screw on the verge of being loos-
ened is shown with R acting at the friction angle from the normal in the direction
to counteract the impending motion. Also shown is the frictional moment Mz =
266 lb-in. acting in the clockwise direction to oppose the motion. The angle be-
tween R and the screw axis is now ¢ — «, and we use Eq. 6/3a with the net
moment equal to the applied moment M’ minus Mg. Thus

M = Trtan (¢ — o
M’ — 266 = 1600(0.5) tan (11.31° — 3.64°)
M' = 374 lb-in.

Thus, the force on the handle required to loosen the vise is

Q@ = M'/d = 374/8 = 4681b Ans.

1000 1b
/4
c
R T 60(8) =480 lb-in.

(a) To tighten

@t T

Mpg M

(b) To loosen

Helpful Hints

(1) Be careful to calculate the helix an-
gle correctly. Its tangent is the lead
L (advancement per revolution) di-
vided by the mean circumference 27r
and not by the diameter 2r.

(2) Note that R swings to the opposite
side of the normal as the impending
motion reverses direction.
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Sample Problem 6/8

The bell crank fits over a 100-mm-diameter shaft which is fixed and cannot
rotate. The horizontal force T' is applied to maintain equilibrium of the erank
under the action of the vertical force P = 100 N. Determine the maximum and
minimum values which 7' may have without causing the crank to rotate in either
direction. The coefficient of static friction 1 between the shaft and the bearing
surface of the crank is 0.20.

Solution. Impending rotation occurs when the reaction R of the fixed shaft on

the bell crank makes an angle ¢ = tan ' u with the normal to the bearing

surface and is, therefore, tangent to the friction circle. Also, equilibrium requires

that the three forces acting on the crank be concurrent at point C. These facts

are shown in the free-body diagrams for the two cases of impending motion.
The following calculations are needed:

Friction angle ¢ = tan ' = tan! 0.20 = 11.31°
Radius of friction circle ry = rsin ¢ = 50 sin 11.31° = 9.81 mm
1 120

Angle # = tan ﬁ = 33.7

Angle B = sin1 (_;% PR A L eI P

J(120)% + (180)2

(a) Impending counterclockwise motion. The equilibrium triangle of forces
is drawn and gives

T, = Pcot (8 — B) = 100 cot (33.7° — 2.60°)
T, = Thax = 1656.8 N Ans.

(b) Impending clockwise motion. The equilibrium triangle of forces for this
case gives

Ty = Pcot (8 + B) = 100 cot (33.7° + 2.60°)
Ty = Toyn = 1362 N Ans.

(6) Clockwise motion impends
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Sample Problem 6/9

A flexible cable which supports the 100-kg load is passed over a fixed circular
drum and subjected to a force P to maintain equilibrium. The coefficient of static
friction u between the cable and the fixed drum is 0.30. (@) For @ = 0, determine
the maximum and minimum values which P may have in order not to raise or
lower the load. (b) For P = 500 N, determine the minimum value which the
angle @ may have before the load begins to slip.

Solution. Impending slipping of the cable over the fixed drum is given by Eq.
6/7, which is T,/T; = e*?,

(1) (@) With @ = 0 the angle of contact is § = #/2 rad. For impending upward

motion of the load, Ty = P .., T; = 981 N, and we have
Piax/981 = 030072 p = — 981(1.602) = 1572 N Ans.

For impending downward motion of the load, 75 = 981 N and T; = P,
Thus,

981/Pin = %302 p . = 981/1.602 = 612 N Ans.

(b) With T, = 981 N and T; = P = 500 N, Eq. 6/7 gives us
981/500 = ¢"3% 0,308 = In(981/500) = 0.674

B=225rad or B =225 (%) = 128.7°
a = 128.7° — 90° = 38.7° Ans.

981 N

(b)P=500N

Helpful Hints

(1) We are careful to note that B must
be expressed in radians.

@ In our derivation of Eq. 6/7 be cer-
tain to note that Ty, > T,.

(3) As was noted in the derivation of Eq.
6/17, the radius of the drum does not
enter into the calculations. It is only
the angle of contact and the coeffi-
cient of friction which determine the
limiting conditions for impending
motion of the flexible cable over the
curved surface.










































The analysis of multi-link structures which change configuration is generally best handled
by a virtual-work approach. This construction platform is a typical example.
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Sample Problem 7/1

Each of the two uniform hinged bars has a mass m and a length /, and is
supported and loaded as shown. For a given force P determine the angle 6 for
equilibrium.

Solution. The active-force diagram for the system composed of the two mem-

bers is shown separately and includes the weight mg of each bar in addition to

the force P. All other forces acting externally on the system are reactive forces

which do no work during a virtual movement éx and are therefore not shown.
The principle of virtual work requires that the total work of all external

active forces be zero for any virtual displacement consistent with the constraints.

Thus, for a movement dx the virtual work becomes

[8U = 0] Péx + 2mg 8h = 0

We now express each of these virtual displacements in terms of the variable 6,

the required quantity. Hence,

.1:=2.l’sin§‘9 and ax=lcosgﬁﬂ

Similarly,
l 7] ATy )
h—Ecosé and 8h——zsm26€
Substitution into the equation of virtual work gives us

[} Lk
PlcosEEB 5 2mgzsm§:53— 0

from which we get

tang = E or 0= 2tan ! *22 Ans.
2 mg mg
To obtain this result by the principles of force and moment summation, it
would be necessary to dismember the frame and take into account all forces
acting on each member. Solution by the method of virtual work involves a sim-
pler operation.

mg mg

Helpful Hints

(1) Note carefully that with x positive to

the right éx is also positive to the
right in the direction of P, so that the
virtual work is P(+éx). With & posi-
tive down o6k is also mathematically
positive down in the direction of mg,
so that the correct mathematical ex-
pression for the work is mg(+dh).
When we express 6k in terms of 86
in the next step, 6k will have a neg-
ative sign, thus bringing our mathe-
matical expression into agreement
with the physical observation that
the weight mg does negative work as
each center of mass moves upward
with an increase in x and 6.

(2) We obtain 6h and &x with the same

mathematical rules of differentiation
with which we may obtain dh and dx.
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Sample Problem 7/2

The mass m is brought to an equilibrium position by the application of the
couple M to the end of one of the two parallel links which are hinged as shown.
The links have negligible mass, and all friction is assumed to be absent. Deter-
mine the expression for the equilibrium angle # assumed by the links with the
vertical for a given value of M. Consider the alternative of a solution by force
and moment equilibrium.

Solution. The active-force diagram shows the weight mg acting through the
center of mass G and the couple M applied to the end of the link. There are no
other external active forces or moments which do work on the system during a
change in the angle 6.

The vertical position of the center of mass G is designated by the distance
h below the fixed horizontal reference line and is & = b cos 8 + ¢. The work
done by mg during a movement 8k in the direction of mg is

+mg 8h = mg 8(b cos 0 + ¢)

I

mg(—b sin 6 86 + 0)
= —mgb sin 6 56

The minus sign shows that the work is negative for a positive value of 6. The
constant ¢ drops out since its variation is zero.

With 6 measured positive in the clockwise sense, 86 is also positive clockwise.
Thus, the work done by the clockwise couple M is +M 6. Substitution into the
virtual-work equation gives us

[6U = 0] M &0 + mg dh =0

which yields

M 80 = mgb sin 6 50
= gin ! —M— Ans.
mgb

Inasmuch as sin # cannot exceed unity, we see that for equilibrium, M is limited
to values that do not exceed mgb.

The advantage of the virtual-work solution for this problem is readily seen
when we observe what would be involved with a solution by force and moment
equilibrium. For the latter approach, it would be necessary for us to draw sep-
arate free-body diagrams of all of the three moving parts and account for all of
the internal reactions at the pin connections. To carry out these steps, it would
be necessary for us to include in the analysis the horizontal position of G with
respect to the attachment points of the two links, even though reference to this
position would finally drop out of the equations when they were solved. We con-
clude, then, that the virtual-work method in this problem deals directly with
cause and effect and avoids reference to irrelevant quantities.

+mg
Helpful Hint

(1) Again, as in Sample Problem 7/1, we
are consistent mathematically with
our definition of work, and we see
that the algebraic sign of the result-
ing expression agrees with the phys-
ical change.
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Sample Problem 7/3

For link OA in the horizontal position shown, determine the force P on the
sliding collar which will prevent OA from rotating under the action of the couple
M. Neglect the mass of the moving parts.

Solution. The given sketch serves as the active-force diagram for the system.
All other forces are either internal or nonworking reactive forces due to the
constraints.

We will give the crank OA a small clockwise angular movement 86 as our
virtual displacement and determine the resulting virtual work done by M and P.
From the horizontal position of the crank, the angular movement gives a down-
ward displacement of A equal to

oy = a 80

adf =248y

where 86 is, of course, expressed in radians.

From the right triangle for which link AB is the constant hypotenuse we
Helpful Hints

may write
BRI gt d @) f\'r.'le that the displacement a M :.)l:
point A would no longer equal 8y if
We now take the differential of the equation and get the crank OA were not in a horizon-
tal position.
0=2cd& +2%8 o &=-2g X '
x (2) The length b is constant so that
56 = 0. Notice the negative sign,
Thus’ [§ eg e SI1g1

which merely tells us that if one
St change is positive, the other must be
negative.
and the virtual-work equation becomes ;
@ We could just as well use a counter-

(sU = 0] M5§+Péx =0 Mso+ P —'Za 58) = 0 clockwise virtual displacement for
x the crank, which would merely re-
verse the signs of all terms.
Mx  Mx &
p===-= Ans.
ya ha

Again, we observe that the virtual-work method produces a direct relation-
ship between the active force P and the couple M without involving other forces
which are irrelevant to this relationship. Solution by the force and moment equa-
tions of equilibrium, although fairly simple in this problem, would require ac-
counting for all forces initially and then eliminating the irrelevant ones.
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Potential Energy and Stability 411

Sample Problem 7/4

The 10-kg cylinder is suspended by the spring, which has a stiffness of
2 kN/m. Plot the potential energy V of the system and show that it is minimum
at the equilibrium position.

Solution. (Although the equilibrium position in this simple problem is clearly
where the force in the spring equals the weight mg, we will proceed as though
this fact were unknown in order to illustrate the energy relationships in the
simplest way.) We choose the datum plane for zero potential energy at the po-
sition where the spring is unextended.

The elastic potential energy for an arbitrary positionx is V, = %kx2 and the
gravitational potential energy is —mgx, so that the total potential energy is

V=V, +Vl] V = ka® — mgx
Equilibrium occurs where

dv dv

[EO] a—kx—mg—() x = mg/k

Although we know in this simple case that the equilibrium is stable, we
prove it by evaluating the sign of the second derivative of V at the equilibrium
position. Thus, d?V/dx? = k, which is positive, proving that the equilibrium is
stable.

Substituting numerical values gives

= 1(2000x% — 10(9.81)x
expressed in joules, and the equilibrium value of x is
x = 10(9.81)/2000 = 0.0490 m or  49.0 mm Ans.

We calculate V for various values of x and plot V versus x as shown. The
minimum value of V occurs at x = 0.0490 m where dV/dx = 0 and d>V/dx® is
positive.

Slf
|
6. —
.=rlk.\'2
4}—
V.d |
ol
|
x, m
L .10

002 004, 006 0.08
x =mglk /

Helpful Hints

(1) The choice is arbitrary but simplifies
the algebra.

(2) We could have chosen different da-
tum planes for V, and V, without af-
fecting our conclusions. Such a
change would merely shift the sepa-
rate curves for V, and V, up or down

but would not affect the position of
the minimum value of V.
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Sample Problem 7/5

The two uniform links, each of mass m, are in the vertical plane and are
connected and constrained as shown. As the angle 6 between the links increases
with the application of the horizontal force P, the light rod, which is connected
at A and passes through a pivoted collar at B, compresses the spring of stiffness
k. If the spring is uncompressed in the position where 8 = 0, determine the force
P which will produce equilibrium at the angle 6.

Solution. The given sketch serves as the active-force diagram of the system.
The compression x of the spring is the distance which A has moved away from
B, which is x = 2b sin 6/2. Thus, the elastic potential energy of the spring is

2
[V, = 3kx?) V, = gk (Zb sin g) = 2kb? sin2§

With the datum for zero gravitational potential energy taken through the
support at O for convenience, the expression for V. becomes

[V, = mghl] Ve = 2mg (—b cos -g)

The distance between O and C is 4b sin 6/2, so that the virtual work done
by P is

sU' = P&(%sing) - 2Pbcos§958

The virtual-work equation now gives

[8U" = 8V, + 8V,]
(i}
2Pb cos g 80 = & (Zkbz sin? E) + 8 (—2mgb cos g)

g

2}
0 + in=&
26 mgbsm2 (]

f
= 2kb? sin 3 cos
Simplifying gives finally

P = kb sing + %mg tan§6 Ans.

If we had been asked to express the equilibrium value of # corresponding to
a given force P, we would have difficulty solving explicitly for 6 in this particular
case. But for a numerical problem we could resort to a computer solution and
graphical plot of numerical values of the sum of the two functions of 6 to deter-
mine the value of ¢ for which the sum equals P.
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Sample Problem 7/6

The ends of the uniform bar of mass m slide freely in the horizontal and
vertical guides. Examine the stability conditions for the positions of equilibrium.
The spring of stiffness & is undeformed when x = 0.

Solution. The system consists of the spring and the bar. Since there are no
external active forces, the given sketch serves as the active-force diagram. We
will take the x-axis as the datum for zero gravitational potential energy. In the
displaced position the elastic and gravitational potential energies are

V, = gkx? = kb sin®? @  and V, = mgg cos 8
The total potential energy is then
V=V, +V, = 1kb? sin® 6 + Smgb cos 6
Equilibrium occurs for dV/d6 = 0 so that

dv

0 kb? sin 0 cos 6 — %mgb sin 6 = (kb® cos B — %mgb) sin @ = 0

The two solutions to this equation are given by

A U
sinf = 0 and cos 6 b

We now determine the stability by examining the sign of the second deriv-
ative of V for each of the two equilibrium positions. The second derivative is

d?*V

EHE = kb%(cos® 0 — sin® ) — émgb cos @

= kb*(2 cos® § — 1) — Jmgb cos 0

Solution l. sinf = 0,0 =0

d*v 2 1 2 mg
p T %, ol =L e
202 kb2 — 1) — 5mgb b b
= positive (stable) ifk > mg/2b
= negative (unstable) ifk < mg/2b Ans.

Thus, if the spring is sufficiently stiff, the bar will return to the vertical position
even though there is no force in the spring at that position.

i L el UL
Solution Il. cos 6 = kb’ 8 = cos b

AL 22\ 1] s () - g

dez " okb 28 \orp) ~ kb i
Since the cosine must be less than unity, we see that this solution is limited to
the case where & > mg/2b, which makes the second derivative of V negative.
Thus, equilibrium for Solution II is never stable. If 2 < mg/2b, we no longer
have Solution II since the spring will be too weak to maintain equilibrium at a
value of 6 between 0 and 90°.

y

©— — — MWW
sy

Helpful Hints

(1) With no external active forces there
is no 8U' term, and 8V = 0 is equiv-
alent to dV/d6 = 0.

(2) Be careful not to overlook the solu-
tion # = 0 given by sin # = 0.

(3) We might not have anticipated this
result without the mathematical
analysis of the stability.

(@) Again, without the benefit of the
mathematical analysis of the stabil-
ity we might have supposed errone-
ously that the bar could come to rest
in a stable equilibrium position for
some value of A between 0 and 90°.
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432 AppendixA Area Moments of Inertia

Sample Problem A/1

Determine the moments of inertia of the rectangular area about the centro-
idal xy- and y,-axes, the centroidal polar axis z, through C, the x-axis, and the
polar axis 2z through O.

Solution. For the calculation of the moment of inertia I, about the x,-axis, a
horizontal strip of area b dy is chosen so that all elements of the strip have the
same y-coordinate. Thus,

h/2
e f ¥? dA] iR f_m ¥?b dy = $5bh? Ans.

By interchange of symbols, the moment of inertia about the centroidal y;-axis is

I, = $5hd? Ans.
The centroidal polar moment of inertia is
I, =1+ 1] I, = 0% + hb%) = LAG? + h?) Ans.
By the parallel-axis theorem the moment of inertia about the x-axis is
2
[, =1, + Ad 2 I, = $5bh® + bh (g) = h% = 3Ap? Ans.

We also obtain the polar moment of inertia about O by the parallel-axis theorem,
which gives us

2 2
I, = I, + Ad% I = 5A0% + %) + A [('23) + (g) }

I, = 1A®? + B? Ans.

Yy M
]
||
:dy
3 o
2 :;
#ﬁ .
h
2
l x

0 e
f——b ——

Helpful Hint

(D If we had started with the second-
order element dA = dx dy, integra-
tion with respect to x holding y
constant amounts simply to multi-
plication by & and gives us the ex-
pression y?b dy, which we chose at
the outset.

Sample Problem A/2

Determine the moments of inertia of the triangular area about its base and
about parallel axes through its centroid and vertex.

Solution. A strip of area parallel to the base is selected as shown in the figure,
and it has the area dA = xdy = [(h — y)b/h] dy. By definition

h 3 47k 3
hisiy P i) bh
Iy ) % 2 == ol ip TSN BRIATY A ERET (5
[I, jy dAls L J;} ¥k bdy =b [3 4, 13 Ans.
By the parallel-axis theorem the moment of inertia I about an axis through the
centroid, a distance h/3 above the x-axis, is

2

= bR bh\(h bh3

e ) AR G g el L e B OR
I =1- Ad“] T 12 (2)(3) 36 Ans.
A transfer from the centroidal axis to the x'-axis through the vertex gives

L bh3 bh\(2h ? bh?

= 2 I re—; — T .

[I =1+ Ad“] i 36+(2)(3) 7 Ans.

=]

Helpful Hints

(1) Here again we choose the simplest
possible element. If we had chosen
dA = dx dy, we would have to inte-
grate y* dx dy with respect to x first.
This gives us y*¢ dy, which is the ex-
pression we chose at the outset.

(2) Expressing x in terms of y should
cause no difficulty if we observe the
proportional relationship between
the similar triangles.
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JSample Problem A/3 pe
I
Calculate the moments of inertia of the area of a circle about a diametral
axis and about the polar axis through the center. Specify the radii of gyration. \ d
- ary
—x
Solution. A differential element of area in the form of a circular ring may be
(1) used for the calculation of the moment of inertia about the polar z-axis through
O since all elements of the ring are equidistant from O. The elemental area is
dA = 27r dry, and thus,
r 4
I, = jrz dA] I, = f roH(@ary dry) = "TT = 1A Ans.
2 Y
The polar radius of gyration is : dry,
'\:/\ ,
I i | /’\d ] ‘
B - k, = — Ans. [ A
J2 | 08 iro sin
By symmetry I, = I, so that from Eci. M RN T T e S R O o] T x
U, =1, + L] L=3L =T = Ans. ;
The radius of gyration about the diametral axis is 1
I r
[k 7 \/%} ke =3 Ans.  Helpful Hints

The foregoing determination of I, is the simplest possible. The result may
also be obtained by direct integration, using the element of area dA = r, dr, dé
shown in the lower figure. By definition

2 r
[, = J y2 dA] I = J f (rg sin 0)%rq dry d6
0 0

27 4 . D
r® sin“ 0
[rtsinte

(=]
W

®
]
S

Ans.

(1) Polar coordinates are certainly indi-
cated here. Also, as before, we choose
the simplest and lowest-order ele-
ment possible, which is the differen-
tial ring. It should be evident
immediately from the definition that
the polar moment of inertia of the
ring is its area 27 dry times 7>,

(2) This integration is straightforward,
but the use of Eq. A/3 along with the
result for I is certainly simpler.
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JSampIe Problem A/4

Determine the moment of inertia of the area under the parabola about the
x-axis. Solve by using (a) a horizontal strip of area and (b) a vertical strip of area.

Solution. The constant k = 3 is obtained first by substituting x = 4 and

y = 3 into the equation for the parabola.

(a) Horizontal strip. Since all parts of the horizontal strip are the same dis-
tance from the x-axis, the moment of inertia of the strip ahout the x-axis is y dA

2 z . : Solution (a)
where dA = (4 — x) dy = 4(1 — ¥/9) dy. Integrating with respect to y gives

us
3 y2 79 .
[IE= J’;V2 dA] I = j 4y? (1 = 3) dy = i 14.40 (units)* Ans. e
0
(b) Vertical strip. Here all parts of the element are at different distances from Solution (b)

the x-axis, so we must use the correct expression for the moment of inertia of
the elemental rectangle about its base, which, from Sample Problem A/1, is
bh3/3. For the width dx and the height y the expression becomes

dI, = Ldxy? ez —l e

———x

To integrate with respect to x, we must express y in terms of x, which gives Helpful Hint

4 8Vx/2, and the integral becombs (1) There is little preference between So-

L[t (3 2 79 e lutions (a) and (b). Solution (b) re-
@ I, = EL 9 dx = T 14.40 (units) Ans. quires knowing the moment of inertia

for a rectangular area about its base.

Sample Problem A/5

Find the moment of inertia about the x-axis of the semicircular area.

Solution. The moment of inertia of the semicircular area about the x'-axis is = Tnm
one-half of that for a complete circle about the same axis. Thus, from the results —————— Y x
of Sample Problem A/3
17t 2047 4 4
va—éT— 8 —217(10)11'1!11
We obtain the moment of inertia I about the parallel centroidal axis x, next.
Transfer is made through the distance 7 = 4r/(3w) = (4)(20)/(3w) = 80/(3m)
mm by the parallel-axis theorem. Hence, Helpful Hint
[F = F =A%) SRR G 1o 20°7 80 ¥ = 1.755(10%) mm?* (1) This problem illustrates the caution
2 3T : we should observe in using a double

transfer of axes since neither the x'-
nor the x-axis passes through the
2 centroid C of the area. If the circle
> 20° 80 e
=1+ Ad?% I, = 1.755(10%) + (T’T)(ls + _,_)

(1) Finally, we transfer from the centroidal xg-axis to the x-axis. Thus,

3 were complete with the centroid on

the x'-axis, only one transfer would

= 1.755(10%) + 34.7(10%) = 36.4(10*) mm* Ans. be needed.


Willians Medina
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JSample Problem A/6 5
|
=
I

Calculate the moment of inertia about the x-axis of the area enclosed be-
tween the y-axis and the circular arcs of radius a whose centers are at O and A. > 1

Solution. The choice of a vertical differential strip of area permits one integra-
tion to cover the entire area. A horizontal strip would require two integrations
with respect to y by virtue of the discontinuity. The moment of inertia of the
strip about the x-axis is that of a strip of height y; minus that of a strip of height
y1. Thus, from the results of Sample Problem A/1 we write Ly 1 v 1A .

dl, = §(yp dx)ys® — 3(y; do)y,® = §(35° — 9% dx

The values of y, and y, are obtained from the equations of the two curves,
which are x> + y,°> = o® and (x — @)® + y,2 = % and which give y, =
M Va2 — x2andy; = Ja? - (x — @)% Thus, Helpful Hint

(1) We choose the positive signs for the
J’ {@®-x)Ja? — 22— [a® - (x — a)?1Va? — (x — )2} dx radicals here since both y, and y, lie

ahove the x-axis.

Simultaneous solution of the two equations which define the two circles gives
the x-coordinate of the intersection of the two curves, which, by inspection, is
a/2. Evaluation of the integrals gives

a2 4 o
2/2_2dx:a_(£+l")
L Rk e 4\ De 3

_J:m e (_— % _)

(2-%)
(¥

*—l% EID

—J a*Ja® - (x — a)?dx =
0

/3
B

<,

|8

/2
r & — a)?Ja? - (x — a)2dx
0

W
el o

Collection of the integrals with the factor of % gives
4
=k 93 — 2m = 0.0969q* Ans.

If we had started from a second-order element dA = dx dy, we would write
¥? dx dy for the moment of inertia of the element about the x-axis. Integrating
from y, to y, holding x constant produces for the vertical strip

Y2
dl, = U 3 dy] dx = 5(y5° = 3% dx
Y1

which is the expression we started with by having the moment-of-inertia result
for a rectangle in mind.
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Sample Problem A/7

Calculate the moment of inertia and radius of gyration about the x-axis for
the shaded area shown.

Solution. The composite area is composed of the positive area of the rectangle
(1) and the negative areas of the quarter circle (2) and triangle (3). For the
rectangle the moment of inertia about the x-axis, from Sample Problem A/1 (or
Table D/3), is

I, = 3AR? = %(80)(60)(60)* = 5.76(10°) mm*

From Sample Problem A/3 (or Table D/3), the moment of inertia of the negative
quarter-circular area about its base axis x' is

Sl rt r T gt 5 4
L. = 4( ¢ ) AT (30)* = —0.1590(10°) mm

We now transfer this result through the distance r = 4r/(37) = 4(30)/(37) =
12.73 mm by the transfer-of-axis theorem to get the centroidal moment of inertia
of part (2) (or use Table D/3 directly).

_ m(30°
4

I =1- Ad% I, = —0.1590(10%) — [ (12.73)2]

—0.0445(10%) mm*

The moment of inertia of the quarter-circular part about the x-axis is now

m(30)2

Il

=1+Ad% I, = —0.0445(10°% + [— ] (60 — 12.73)%

—1.624(10%) mm*

Finally, the moment of inertia of the negative triangular area (3) about its base,
from Sample Problem A/2 (or Table D/3), is

I, = —$5bh3 = —$5(40)(30)* = —0.09(10%) mm?*

The total moment of inertia about the x-axis of the composite area is,
consequently,

I. = 5.76(10%) — 1.624(10%) — 0.09(10°) = 4.05(10°) mm* Ans.

The net area of the figure is A = 60(80) — m(30)%2 — 1(40)(30) = 3490 mm?
so that the radius of gyration about the x-axis is

ke = JI,/JA = /4.05(10°)/3490 = 34.0 mm Ans.

(2)
S -
C
(1)

Helpful Hints

(1) Note that we must transfer the mo-
ment of inertia for the quarter-
circular area to its centroidal axis x;
before we can transfer it to the x-
axis, as was done in Sample Problem

A/5.

(2) We watch our signs carefully here.
Since the area is negative, both I and
A carry negative signs.

(@ If there had been more than the
three parts to the composite area, we

would have arranged a tabulation of

the T terms and the Ad? terms so as
to keep a systematic account of the
terms and obtain I = =1 + ZAd>
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Sample Problem A/8

Determine the product of inertia of the rectangular area with centroid at C
with respect to the x-y axes parallel to its sides.

Solution. Since the product of inertia fxy about the axes xy-yq is zero by sym-
metry, the transfer-of-axis theorem gives us

I, = 1, + d.d,A] I, = d.dbh Ans.
In this example both d, and d, are shown positive. We must be careful to be

consistent with the positive directions of d, and d, as defined, so that their proper
signs are observed.

o
Qe———-+—
|
|
|
|
—]
|
bl

=S

e
b

Sample Problem A/9

Determine the product of inertia about the x-y axes for the area under the
parabola.

Solution. With the substitution of x = @ wheny = b, the equation of the curve
becomes x = ay?/b>.

Solution I. If we start with the second-order element dA = dx dy, we have

dl,, = xy dx dy. The integral over the entire area is
b ra b 2,4
i a’y 1
I:jj dxdzf— 2——)d=—22 Ans.
0 G St e 6 Pagln B bl S BT 3

Solution II. Alternatively we can start with a first-order elemental strip and
save one integration by using the results of Sample Problem A/8. Taking a ver-
tical strip dA = y dx gives dI,, = 0 + &) (x)(y dx), where the distances to the
centroidal axes of the elemental rectangle are d, = y/2 and d, = x. Now we

haVe
fa 2 a
! = :,_ x dI = —_x fix = — x3 = _1a2b2 AnS.

Helpful Hint

(D If we had chosen a horizontal strip, our expression would have become
dl, - yia + x)[(@ — x) dy], which when integrated, of course, gives us the
same result as before.

Sample Problem A/10

Determine the product of inertia of the semicircular area with respect to the
X-y axes.

Solution. We use the transfer-of-axis theorem, Eq. A/8, to write

= 4r ar? 2rt
[Ixy = Ixy + dxdyA] Ly =00k (_ﬁ) (r) (T) = W Ans.

where the x- and y-coordinates of the centroid C ared, = +randd, = —4r/(3m).
Because y is an axis of symmetry, I,, = 0.

B

Helpful Hint

(1) Proper use of the transfer-of-axis
theorem saves a great deal of labor
in computing products of inertia.
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Sample Problem A/11

Determine the orientation of the principal axes of inertia through the cen-
troid of the angle section and determine the corresponding maximum and min-
imum moments of inertia.

Solution. The location of the centroid C is easily calculated, and its position is
shown on the diagram.

Products of inertia. The product of inertia for each rectangle about its cen-
troidal axes parallel to the x-y axes is zero by symmetry. Thus, the product of
inertia about the x-y axes for part I is

I, =1, +dd,Al I,=0+(-125)(+7.5)(400) = —3.75(10*) mm*
where d,=—(75+5)=-125 mm

and d, = +(20 - 10 — 2.5) = 7.5 mm

Likewise for part II,

Iy =1, +ddAl I, =0+ (12.5)(-7.5)(400) = —3.75(10%) mm*

where d, = +(20 - 7.5) = 125 mm, d,=—(5 + 2.5) = —-7.5 mm

For the complete angle

I, = —3.75(10%) - 3.75(10%) = -7.50(10*) mm*
Moments of inertia. The moments of inertia about the x- and y-axes for part

I are
=1+ Ad% I, = £(40)10° + (400)(12.5 = 6.58(10%) mm*
I, = 15(10)(40)* + (400)(7.5)% = 7.58(10*) mm*

and the moments of inertia for part II about these same axes are
I=T1+AdY I, =3(10)40)° + (400)(12.5)% = 11.58(10*) mm*
I, = 75(40)(10)® + (400)(7.5)* = 2.58(10*) mm*

Thus, for the entire section we have

I, = 6.58(10)* + 11.58(10%) = 18.17(10*) mm*
I, = 7.58(10%) + 2.58(10*) = 10.17(10*) mm*

Principal axes. The inclination of the principal axes of inertia is given by Eq.
A/10, so we have

21 2(-17.50)
tan 2a = e Ly g T T e S
|: an 2a TS Ix] tan 2a 1017 - 18.17 1.875
2a = 61.9° a = 31.0° Ans.

We now compute the principal moments of inertia from Egs. A/9 using «
for 6 and get I,,,,, from I, and I,.;;;, from I,.. Thus,

18.17 + 10.1 17 — 10.
R { BT > e 5 11 (0.471) + (7.50)(0.882):| (10%)
= 22.7(10%) mm* Ans.
At 10! 17 — 1017
Tt [18 i . LG B 5 L (0.471) — (7.50)(0.882)} (10*)

= 5.67(10%) mm* Ans.

y
10!
‘-HE“ 2.5 mm

50 mm
|
e,
| 7.5 mm
'y
| 10 mm
i o
|<: 40 mm ——
¥
2 I
Y |
\
\ |
N |
\ 1I |
\ dy l x’
4|
- "\r— | el
f | -
d N o
% |C///iw.a
B, | e %
ASTEEIA d.\'
I . f
|

Helpful Hint

Mohr’s circle. Alternatively we could use Eqs.
A/11 to obtain the results for I, and I ;. or we
could construct the Mohr circle from the calcu-
lated values of I, I, and I... These values are
spotted on the diagram to locate points A and B,
which are the extremities of the diameter of the
circle. The angle 2a and I, and I, are ob-
tained from the figure, as shown.

+l,,(10%) mm*

 Imax =227
I,=10.17

} 1, (10* mm*

A | L

20 = 61.9°

I, =-17.50
|

'

5.67 A
—— I,=18.17 J

-1, (10*) mm?*

xy?

























TRy
ey E‘% <

B

i
o

B
S

‘!}._;.-

P Be G et
el
G A
R g . ?’,U'f{l."
SV

T
P, -::"6’5 R

Ny

SO A T
I o s Tl
f{‘-‘é:ﬁl}:ﬂ"y "‘,‘:f,‘"\:}; “-:;._.-
WSS S SR G S
I A LA

: A 'y

e

Sk,

s Ak D ey IR ! &2 5

SATIEEE o T LA R it G R TSP R L

e Atﬁkﬁ’:ﬁ%{b%&nﬁgﬂéﬁ PR o ¥'$ :-‘Y:.T-ﬁvf:
Ry L R e N T i b iy &
"“‘bﬂ‘ bl A o e ST A







i~

3’;&: cf?

Ak

jE %}w?

R AT :
bR
"&

il
e

el .
i Gy o
e R

PR S
ﬁ%ﬁ‘?"ﬁ& 5,
e i ’.',-:! Byt

i

e

-
Ly g
AR
o B e













































































































	Cover
	Engineering Mechanics, Statics (Volume 1)
	JAMES LATHROP MERIAM
	PREFACE
	BRIEF CONTENTS
	CONTENTS
	ENGINEERING MECHANICS STATICS
	1 INTROOUCTION TO STATICS
	2 FORCE SYSTEMS
	3 EQUILIBRIUM 
	4 STRUCTURES 
	5 OISTRIBUTED FORCES 
	6 FRICTION 
	7 VIRTUAL WORK 
	APPENDICES
	A: AREA MOMENTS OF INERTIA
	B: MASS MOMENTS OF INERTIA
	C: SELECTED TOPICS OF MATHEMATICS
	D: USEFUL TABLES
	Index
	Conversion Factors
	SI Units Used in Mechanics
	SI Unit Prefixes
	Selected Rules for Writing Metric Quantities
	Conversion Charts Between SI and U.S. Customa Units
	Back



